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Abstract

The article describes an educational laboratory work within the framework of interdisciplinary connec-
tions at the intersection of informatics, mathematics and physics: the study of the sagging of a closed chain
with different support points. A technology of computer processing of photos and videos of a physical ex-
periment with the subsequent processing of the media files on the computer is illustrated. We present the
m chain number (1.258... - the optimal ratio of the chain length to the distance between its attachment
points) and its relation to the previously unexplored problem of the shape of the sag of a closed chain
hanging on two nails. The analytic expression for this constant was first found. A new physical and math-
ematical constant is found - the critical angle of the sagging of a closed chain on the “hangers”. The prob-
lem of the sagging of a closed chain on a cone is detailed. The applicability of the computer tool “optimiza-
tion with constraints” for solving problems of theoretical mechanics is investigated. Three main tools of
mathematical computer tools are described: numerical mathematics, symbolic mathematics and graphics.
The importance of using units of measurement when solving physical problems on a computer is empha-
sized. The problem of publishing mathematical formulas in articles and books is discussed.

AHHOTaLUsA

B craTbe omucaHbl yueGHble J1abopaTOpHble PabOThI B pyc/ie MeX/UCIUIIMHAPHBIX CBsI3eil Ha CThIKe
MHbOPMATUKH, MATEMATHUKK U GU3UKHU: HATYPHOE U MaTEMATHUY€eCKOe HCC/IeJ0BaHUE CTATUYECKOTO PO-
BHCAHUS 3aMKHYTO# LleNH C pa3/IMYHbIMU TOUYKAMHU OTOPBI, 8 TAKXKE €€ KayaHHe Kak MasTHHKA. OnrcaHa
TEXHOJIOTHsI KOMIIbIOTEPHOU 06paboTKu GOTO- 1 BUJEOCHEMKU PU3NIECKOTO IKCIIEPUMEHTA C LIEMbIO C
nocjeAyoIuM obcueToM MeauadanaoB Ha KoMnbloTepe. O6cyx1aeTcs uenHoe yucio T (1.258... - omn-
TUMaJIbHOe OTHOLIeHHe AJIMHBI IeNH K PACCTOSTHUIO MEX/Y TOUKaMHU ee KpeIJIeHH s, HaXOASIUMUCS Ha
O[JHOM YPOBHE) U ero CBsI3b C paHee HEHCC/Ie0BaHHOM 3a/jaueii 0 [ByX GpopMax MPOBHUCAHUS 3aMKHYTO#H
L[eNH, MO/ BEIIEHHOM Ha ABYX rBO3/sX (TOYeUYHbIX 6/I0Kax 6e3 cuenieHus1). Ha ocHoBe KOMIBIOTEPHOTO
BBIYHUC/IUTENBHOTO 3KCIIEPUMEHTA HallZleHa HoBasi QU3UKO-MaTeMaTHYecKasi KOHCTaHTa — KpUTUYEeCKH
yroJl IPOBUCAHUSI 3aMKHYTOM 1IeOYKU Ha «IJIeYHKax». JleTaJu3upyeTcs: U3BeCTHas 3aJjada o MpoBHUca-
HUHM 3aMKHYTOH LIeMOYKH Ha NPsSIMOM KPyroBOM KoHyce. [IpoaHasn3upoBaHbl MOJXOAbI U CAeJaHa Mo-
MbITKA YUCJIEHHOTO pelileHUs 33aZa4H 0 MassTHUKe-Lenu. UccaefyeTcss IpPUMEHUMOCTh KOMIBIOTEPHOTO
HMHCTPYMEHTA «ONTUMHU3AlKsI C OTPAaHUYEHUMM» [JIs1 PEIeHUsI 3a/a4 TEOPETUIEeCKOH MexaHUKH. [laeT-
Cs1 OMMCAaHMe TPeX OCHOBHbBIX HHCTPYMEHTOB MaTeMaTUYeCKUX KOMIbIOTEPHbIX IPOrpaMM: YKCIeHHast
MaTeMaTHKa, CAMBOJIbHAsI MaTeMaTHKa U rpaduka. [louepKruBaeTcsi BAXKHOCTb UCIOJIb30BaHUs € JUHUL]
M3MepeHHs PU pelleHUH Ha KOMIbITepe ¢usnyeckux 3azad. O6cyxjaeTcs npobieMa my6anKanuu
MaTeMaTHUYeCKUX GOPMYJI B CTAThSIX U KHUTAX.
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Introduction

Before spinners (turntables, twists) appeared, people who did not
know what to do with their hands turned a coin, a box of matches or...
a chain on their fingers.

Let’s also turn the chain, but not on the fingers, but on ... two nails, on
“hangers”, on a cone ... And we will do this not for idleness, but for
scientific and cognitive purposes. In passing, we will discover a cou-
ple of new physical and mathematical constants.

Theoretical, implementation and
experimental parts

Usually articles of this kind are clearly divided into theoretical, imple-
mentation and experimental parts. But in this article it's impossible to
do it - they mixed up with each other. The author hopes that the read-
er will understand why this happened, and will take this not quite an
ordinary technique.

1. The chain on two nails

In [1] it is described how a chain is suspended at two ends (see Fig-
ure 1) and how it is all photographed and sent to the computer,
where it is processed appropriately. The fingers of two schoolchil-
dren were used as “nails”. In this school class (excellent laboratory
work for two classes - physical and computer) at the junction of
mathematics, physics and computer science, it was once again shown
that the chain is not sagging along the parabola (and this is a very
common misconception, and not only for schoolchildren and stu-
dents), but on the catenary, whose formula [2, 3] will be used in the
calculations below.

Fig. 1. Experiment with the sagging chain

Puc. 1. 3kcniepyMeHT ¢ NpoBHCAIOLEH LeNbIo

Let us consider some modifications that have not yet been investigat-
ed for a classical problem of the calculus of variations, the sagging

chain problem.

Take a closed chain' and hang it not on a finger, but on two nails (on
two pins), driven into the wall® - see Fig. 2. How will it sag? The prob-
lem is extremely idealized: the chain itself is “classical” (absolutely
flexible and inextensible), and the frictional forces of the chain around
the nails are absent. The first condition is easy to be met in an appli-
cation, while the second is almost impossible, given the fact that the
chain with its joints at the attachment points clings fairly tightly to the
nails. For all this construction it is necessary, for example, to tap, so
that it will come to the expected equilibrium. On nails it is possible to
fasten a block with bearing and then to throw a chain on it. This will
complicate the geometry of the problem, but it will allow calculations
to be compared with an application in the same way as was done in

(1]-

7T

Fig. 2. Real closed chain suspended on two nails

Puc. 2. PeasnibHas 3aMKHyTasd [|eM04YKa, NoJBelleHHas Ha [IBe 6y}[aBKl/l

1 Circular in the sense that it has neither beginning nor end. Such chains without locks are hung around the neck, if the length of the chain allows it to pass through the
head. In the third part of the article, we'll talk about putting the chain on a “neck without a head” - on a cone. By the way, about the locks. They can be regarded as certain
point weights on the chain, complicating its calculation and making the task more interesting (the problem of a pendant on the chain, a cabin of the cableway). By “circularity”
we can also mean the absolute smoothness of the chain - the absence of friction at the points of its attachment.

2 A sheet of millimeter (graph) paper is attached to the wall, with which you can measure the coordinates of individual points of the sagging chain and compare them
with those that were obtained as a result of calculation. Such a work is described in [1]. In our computer age millimeter paper is almost out of use. The author recently raked
the rubble in his office and came across rolls of millimeter paper - ordinary, semi-logarithmic and logarithmic in both coordinates. There was an idea to paste it in place
of wall paper in the room, where there is the laboratory works with the chain. But this idea of mathematical design of the premises is not new: the floor in the lobby of the
headquarters of the Mathematical Association of America (IAA) in Washington is lined with tiles in the form of pentagonal parquet. A search and classification of polygonal
parquets is a visual and interesting task of the theory of paving modern combinatorial geometry.
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Figure 3 shows the beginning of calculation of the sagging of the
closed chain: input of the initial data® - length of the chain (60 cm)
and coordinates of the attachment points of the nails, on which the
closed chain is thrown (0-28 and 18-15 cm).

L =60cm Length of the circular chain

x4 = Ocm yq = 28cm Left chain fastening point

%9 = 18cm yo = 15cm Right chain fastening point
]

X=X
y(x,h,a,xu] =h+ a-| cosh 5 -1 Catenary

d [ X-%p
Y{X,S,Xg]:&y{x,h,a,xu} — sinh 3

Derivative of the catenary

kgf

mg = 702 kb
cm 1000

Linear mass of the chain of =

A= (x1 - xz}z + {y1 - y2)2 =222cm Distance between the points

2
LD<—J 1 +{y’{x,aD,xUD)]2dx
|

PE{hD,hU,aD,aU,xUD,xUU) =

*2
J y(x,hD,aD,xoD}— 1+{y’{x,aD,x0DD2dx
*

yp<
lp

*2
J y[x, hy. au,xnu}- M+ {Y{x, ay ,xnu)}z dx
X

4

-~
u -Lp

g-mg -[yD-LD +Yu -{L - LD}]

Fig. 3. Beginning of the Mathcad calculation of the sagging of a closed chain on two
nails
Puc. 3. Hauasio Mathcad-pacyeTa npoBucaHusi 3aMKHYTOH LIeIOYKH Ha ABYX
rBO3/JAX

Important note. The authors do not give individual formulas in this
article, but place in it the texts of the solution of problems in the phys-
ical and mathematical program Mathcad. At the same time, the au-
thors perfectly understand that this prevents some readers, accus-
tomed to traditional publications with separate numbered formulas,
to understand the essence of the tasks being solved. What can you say
about this!? First, all the formulas of this article are fairly well read in
the texts because Mathcad uses general mathematical notation em-
ploying WYSIWIG technology (What You See Is What You Get). Sec-
ondly, this style of publication meets the modern world trend, where
formulas in books and articles are typed not in the text (mathemati-
cal) editors of LaTeX, Word Equation, MathML, etc.,, but in Maple,
Mathematica, Mathcad, etc. By such “living” formulas, you can consid-
er, it is permissible for them to build graphics and create animations,
which significantly reduces the likelihood of errors and typos in them.
Moreover, more and more often the chapters of books and journal ar-
ticles are printouts of solving problems in mathematical programs. If

such texts are not placed on paper but in electronic form, then they
can be “live”: the reader is allowed to change the original data and
receive a new answer. The example in Fig. 4: author’s settlement site
for Mathcad Calculation Server technology, with which you can calcu-
late the length of the chain by specifying the coordinates of the points
of attachment of its ends h, and h,, and also its clearance - the mini-
mum distance from the “floor” h.

X = X
Calculation of the catenary y(x.xg.h.a)=h+a- (cosh( . UJ - 1)

& http://twt.mpei.ac.ru/MCS/Worksheets/chain-S-Engxmcd

202,
hy =
0% ]
Linear density of chain
BERTrs ] ko
L= h:=
m s>l m
Guess values
0 G, STEE p R ], "TE
Min. Chain length (o N (hy - hy)* = 0.18m
cToL=10""=1x 1077
v Chain length
Given Fixing at the left end hy = y(0,%g,h,a) L
2
Fixing on the rightend  hy = Y(L,Xg,h,a] S=J 14+ [Z—y(X,Xg,h,a)J dx
X
% 0.09 0
s |= Find(xU,S,a) =| 05187867 |m
a 0.0324103
T P T
0.2F J
01 =
..................................................................................... N
o ! L L
0 0.05 0.1 0.15

Fig. 4. Online-calculation of the sagging chain

Puc. 4. Online-pacyer npoBucaroLiei nenu

Figure 4 shows the calculation of the length of the lower part of the
sagging closed chain - 51.9 cm. If in this online calculation the value
of h is changed from 5.1 to 27.1 cm, the length of the upper short part
of the chain is calculated to be equal to 18.1 cm (one millimetre larger
than the distance between the attachment points L). In total, this
gives 70 cm - this is approximately the length of the chain shown in
Fig. 2 after it was removed from the nails and its length was measured
straight (using a ruler), and not by an indirect (calculated) method. So
the theory is verified by practice!

Figure 3 also shows the user functions — the formula of the catenary* (y)

3 As arule, such problems are solved in dimensionless quantities. But the Mathcad package has a unit of measurement tool and it’s a sin not to use it. This, in particular, will avoid
mistakes of incorrect input of formulas. The user gram-force unit (gf) is introduced into the calculation — one thousandth of the built-in kilogram-force unit (kgf). Our calculations are
tuned to a system of physical quantities cm-g-s, so the default values of forces will be output in dynes, which we will change to gram-force.

4 The canonical formula of the catenary, used in paper and electronic mathematical reference books and textbooks, has the form a-cosh(x / a). But in the calculations
we will use a non-canonical form of the catenary with two additional parameters h and x: h + a - cosh(((x-x) / a) - 1). In this formula, a specific point of this curve is clearly
defined - the catenary has a minimum (sagging chain - a > 0) or maximum (arch - a < 0) at the point with coordinates h - x, which will need to be found in the course of our

calculations.
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and its derivative® (y). And another function called PE with six arguments
returns the value of the potential energy sagging on two nails of the closed
chain, depending on the parameters of the two segments of the catenary,
on which the chain is divided — see Fig. 2. We will conditionally denote
these sites by indices as D (down, lower) and U (up, upper). But this divi-
sion is conventional — the lower part of the chain can appear at the top, and
the upper one at the bottom.

The law of mechanics (Lagrange principle [4]) states that the chain
sags so that its potential energy becomes minimal. Here looms a typi-
cal optimization problem with constraints, that can be solved with the
Mathcad built-in function Minimize, along with the Given keyword -
see Fig. 5.

"o 10
15
ap 3
a =y cm Guess values
U
10
XoD
10
Xou
Given

X2 X5
J \/“(V‘(x'anﬁxon}}zdﬁj S+ (v(xay xgy)) P ax=L
X X
¥(%1.hp.ap.Xop) = ¥1 ¥(%2,hp.ap . Xgp) = Y2

¥(%4 Dy, . Xpy) = ¥4 ¥(%o,hy, 8y, Xoy) = ¥

o 14.64

M 7.356

Ao, = Minimize(PE,hD,hU, ap,ay ’XOD’XOU} = 10408 cm

au, 4.403

oD, 15.27
10.672

Ly=L-Lp=3587Tcm

*2
LDj:J' 1 +(y‘(x,aD,XOD})ZdX:24,135m
X

Fig. 5. Minimizing the potential energy of a hanging closed chain

Puc. 5. MUHMMU3aLKs TOTEHIIMA/IbHOW S9HEPruy BUCSILEH 3aMKHYTOH LieN0YKH

The following calculation steps are executed in Fig. 5:
- input of the initial assumption for the numerical solution of the
minimization problem;

- entering constraints after the word Given; these are: the length L of
the chain remains constant, and the two sections of the closed chain -
the lower (D) and the upper (U) are fixed at the ends at two given
points (1 and 2);

- execution of the Minimize function, that returned as answers: the
parameters a, h and x of the two parts of the catenary (D and U) so
that their potential energy PE is minimal and the constraints are sat-
isfied. This answer (the vector of constants) can be transferred to the
initial assumptions and assures that the answer does not change.

However we should always remember that this answer is approxi-
mate, depending on the value of the given accuracy of the numerical
solution of the problem.

The value m_is the linear mass of the chain. It does not affect the
shape of its chain, but it will help us, first, to check the correctness of
the calculation shown in Fig. 5 from the point of view of the balance of
forces, and secondly, to calculate the forces that stretch the chain in
correspondence of its attachment on the two nails. This new problem
can be reduced to the numerical solution of an overdetermined sys-
tem of eight nonlinear algebraic equations with six unknowns de-
scribing the “mechanics” of a closed chain sagging on two nails with a
minimum potential energy. The calculation uses the Mathcad built-in
function Find, which returns the values of unknown equations that
convert them into identities with accuracy determined by the method
and by the parameters of the numerical solution of the problem.

Fy1D
Fy2p
Fy1u
Fyau
FxD

Fxu

Given

Fyin+Fyep=9-m¢-Lp Fytiu+Fyau=9-mg- Ly
Fytp=-¥(x1.3p.xp) - Fxp Fytu=-¥(x1.ay.xou) - Fxu
Fy2n=¥(*2-2p.%0p) - Fxp Fyau=¥(x2-ay.%ou) - Fxu
Fyt D +Fep = Fy1 U2+ P’

2 2 2 2
Fyap +Fup = Fyau + Fxu

ytD 1.64365
Fy2n 0.11098
Y — Find(Foupy-Fyop FutU-Fuay-Fap - Full = | 22 -of
Fou | (Fy1p-Fy2n- Fy1u-Fy2u-Fxo-Fxt) = | 4 gones
Fo 0.83945
o 0.30399

| 2 2 { 2 2
F-] =2 Fyﬂ:} + FXD = 3_514-gf FZ =2 FYZD‘ + FXD‘ = 1.534-gf

Fig. 6. Calculation of tension forces of a chain on two nails

Puc. 6. PacueT cus HaTsDKeHUs IEMOYKU Ha JBYX I'BO3AX

Physical laws, shown in the calculation in Fig. 6, such as:

the sum of the values of the vertical projections of the forces of fasten-
ing the two parts of the chain on two nails are equal to the values of
the weight of the two parts of the chain; The name variable F ;) means
that it is the vertical (y) projection of the force (F) with which the
lower (D) part of the chain pulls the left (1) nail down;

the values of the horizontal projections of the forces of fastening the

5 The formula of the derivative of the catenary function is generated by the Mathcad package itself using the symbolic mathematics tool (right arrow operator). Formulas
for the length of this curve and for the ordinates of its center of gravity that use a certain integral and are also involved in calculations have been found on the Internet,
although they can also be easily derived using the Mathcad symbolic mathematics or “in the mind”, based on our own knowledge of the basics of mathematical analysis.

CoBpeMmeHHble
MH(OPMaLMOHHbIE
TeXHonormm

n UT-o6pasoBaHue

Tom 14 N° 2 (2018) ISSN 2411-1473 sitito.cs.msu.ru



Theoretical questions of computer science, computational mathematics,
computer science and cognitive information technologies

Valery F. Ochkov, Massimiliano Nori

337

parts of the chain on the two nails (F jand F ) are equal to each other
and are related to the values of the vertical projections of these forces
through the values of the derivative of the catenary at these two
points: y'(x,, a,, X)), y' (X, @y, X,p), V' (X @y, X)) and y'(x,, a, X,,);

the tension forces of the lower and upper parts of the chain at the
points of their fastening are equal: the chain parts do not overstretch
each other and are in equilibrium.

The calculation shown in Fig. 6, is verified. We were convinced that
the values of the parameters of the catenary (the variables a , a, h,
h,, x,, and x, ), found through minimization of the potential energy,
correspond to the values of the forces ensuring the equilibrium con-
ditions of our mechanical system.

But what did the numerical computer experiment show us?!

The fact that the closed chain, depending on the location of the two
nails can sag in two ways - see Figures 7 and 8.

Case 1. The chain is divided into two unequal sections - see Fig. 7.
Case 2. The chain does not bifurcate and sags in two equal halves - see
Fig. 8.

[ R %)
o =
———;

23 LU+LD=L

/ C

—L=60cm
[ [ []
| 2A =44 407cm
I I |

012345678 9101112131415161718

-

0

PE

Ly/L

| I 1
0.3 0.4 0.5 0.6 07

Fig. 7. The closed chain hanging on two nails is divided into two unequal sections
Puc. 7. [IpoBucalolast Ha BYX I'BO3/X 3aMKHyTasl Lle[IOUKa pa3/esieTcs Ha JBa

HepaBHbIX y4YacTKa
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I I I |

012345678 9101112131415161718

e O e O S = B == =

O

Ly/L
0.54

0.46 0.48 0.5

Fig. 8. The closed chain hanging on two nails is divided into two equal sections
Puc. 8. [IpoBucarolast Ha BYX I'BO3/AX 3aMKHyTas Lle[I0UKa pa3/iessieTcs Ha Be

TOJIOBUHKHU

At the bottom of Figures 7 and 8, the graphical dependences of the
potential energy value of two parts of the closed chain are shown de-
pending on the ratio of their lengths - L /L. The following special
points are visible on the graphs:

- Fig. 7 - two minima (stable equilibrium) and one maximum (unsta-
ble equilibrium - the chain can in principle be of this form with two
equal halves (see Figure 8), but at the slightest external disturbance it
will slip into the left or right potential wells);

- Fig. 8 - one minimum (stable equilibrium - the chain sags in two
equal parts).

Figure 9 shows a Mathcad document that defines a user function that
returns the value of the potential energy (PE) of the chain sagging on
two nails, depending on the ratio of the length of one part to the total
length of the chain (LU/L). In this calculation case the Mathcad pack-
age built-in function Find does not return a constant vector as in Fig.
6, but a vector of user-defined functions - dependent on the parame-
ters of the two parts of the catenary, as function of the variable (argu-
ment of the function) LU/L. These vector functions named AnsD and
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AnsU are decomposed into separate scalar functions with names h,
a,, etc. This technique allowed us to create a function named PE and
then build its graphs, depending on the ratio of the length of the L to
the length L for different coordinates of the points of attachment of
the closed chain - see Figures 7 and 8.

Given

X
2
P foaf 2
y(xq. hD*aD~X0D)= V4 y(xz,hD‘aD,an) =y, J 1+ (y’(x‘aD,an” dx= L-LUL
X

4
AnsD(LUIL) = Find{hD.aD.XOD)
hp(LUIL) = AnsD (LUAL)q

ap(LUL) = AnsD(LUIL)q  xgp(LUIL) = AnsD(LUL)2

Given

X
2

vla-hy-ag.xu) =1 vlxa-hy.ay-xgu)=v2 J [1+(v(x.ay.xqu))” dx=L- LLUL
X

4
AnsU(LUIL) = Find(hy;. ay. xqy)

hy(LUL) = AnsU(LUL)p  ay(LUL) = AnsU(LUML)1  xqu(LUL) = AnsU(LUIL)2

]
PE(LUML) = J y(x.hp(LUL) ,ap(LUL) .xGD(LU/L)}J‘I + (y'(x.aD(LUJL).xUD(LU/L)))2 dx ...
X

X2
+ J v(x.hy(LUIL) . ay(LUIL) . xqy (LUIL)) »J1 +(y[x.ay(LunL) ,xOU(LU/L)nz dx
*

Fig. 9. The dependence of the potential energy of the two parts of the sagging closed
chain on the ratio of their lengths®
Puc. 9. Co3jaHre 3aBUCHMOCTH NIOTEHIMAJbHON S9HEPTHHU JBYX YYaCTKOB

nposncammeﬁ 3aMKHyT01‘/'I LeIMOYKU OT OTHOIWIEHUA UX IJIMH

To find the boundary separating the two forms of sagging of a closed
chain on two nails, we will be helped ... by an interlude.

Interlude. The chain number nt

Problem. How much longer should the chain (non-closed, conven-
tional with two ends) be than the distance between the two points of
its suspension, which are on the same level, so that the tension at the
ends of the chain is minimal?

This is a typical problem of finding a minimum: if you in-
crease the length of the chain, then this force will enhance due to the
growth of its vertical projection due to the increase in the weight of
the chain. If the chain is shortened, the force of its tension at the at-
tachment points will increase due to the growth of its horizontal pro-
jection. When the value of the chain length approaches the value of
the distance between the points of its attachment, it ceases to be just
a chain and becomes ... a tightly stretched string. The calculation of
the string, its vibrations - is a separate very interesting physical and
mathematical problem, where the chain, pardon, string cannot be
considered inextensible. Here it is necessary to take into account the
modulus of elasticity of the string material and other parameters.
Figure 10 shows the solution of this problem using Mathcad.

To solve the problem, we need to relate the force F and the length of
the chain L, i.e. to define a function F(L) - the optimization objective
function. In the calculation in Figure 10, two user functions are rou-
tinely defined: a catenary whose minimum / maximum falls on the Y
axis (the X axis passes through the two points of the chain attach-
ments), and its derivative with respect to x. The problem is reduced to
the solution of a system of two non-linear algebraic equations (the

equality of the heights of the attachment points of the chain and the
invariance of the value of the chain length) using the Given-Find block,
where the Find function returns not two concrete numbers (the nu-
merical solution of the system of two equations), but defines a user
function with name Ans (see also this technique in Figure 9). Then
this function-vector (vector because the function returns two num-
bers) is decomposed into two separate functions a(L) and h(L). Next,
the optimization objective function F(L) is formed, along which the
graph is plotted and in which the minimum is specified - the point
where the derivative value is zero.

i { fxy A
ylx,a,n) = h+a|coshl = |- 1J Catenary
\ \a/

" d x\
yix.a = Zylx.a,h) = sinnl £ |
dx \

a/

Catenary Desivative

X:=05m Mg = '|E Input Data
m

Vertical force on the suspended chain as fundtion of its
length

me-g-L

F._.,{L} =

a=1m h:=-0.2m First approximation

Given
yl=x.a.n) = y(x.a.n) = om
X

L=J J1+ylx.a% &
-X

MS{LJ = Find{a,h}

Height Equality at the attachment points

Chain length
all=Anslls (1) - ans(L)
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Fig. 10. Determination of the optimal chain length

Puc. 10. OnpejiesieHue onTUMaIbHON JIJIMHBI LENH

6 In the formula for the potential energy, in Figure 9, the constant m_ - g (the linear weight of the chain material - see Figure 5) was removed and other simplifications
were made that accelerate the calculation. However it’s still quite long. The author, on his rather fast computer, drew the energy curves shown in Fig. 7 and 8, in several tens
of minutes. The calculation of the coordinates of each point of this curve requires the numerical solution of a rather complex system of nonlinear algebraic equations with
high accuracy. And this task itself is very time-consuming in addition to the other resources of the computer.

CoBpeMmeHHble
MH(OPMaLMOHHbIE
TeXHonormm

n UT-o6pasoBaHue

Tom 14 N° 2 (2018) ISSN 2411-1473 sitito.cs.msu.ru



Theoretical questions of computer science, computational mathematics,
computer science and cognitive information technologies

Valery F. Ochkov, Massimiliano Nori

339

The number 1.258 ... (the ratio of the length of the optimal chain to the
distance, between the points of its attachment at the same level) can
be regarded as some new physical and mathematical constant and
give it the name m_(chain number 7 - catenary) - the ratio of the arc
length of the optimal catenary to its “diameter” - the distance be-
tween the attachment points. The usual number T is, as everyone
knows, the ratio of the arc (the whole circle) to its diameter. It is pos-
sible to start a competition - to calculate the maximum number of
digits in this constant, similar to how it is done with respect to the
“circular” number m: 3.142.

Discussion of this problem with its analytical solution can be found
here: https://community.ptc.com/t5/PTC-Mathcad-Questions/Sym-
bolic-solution-of-one-optimization-problem/td-p/130281. The au-
thor of the analytical solution is Luc Meekes from Netherland - see
the Fig. 11.

- ¢ nove
sar(3)+(3)/3-7/8

Input:

\/3 +;(3) _Z

3 8

Decimal approximation:

1.257736441955408721994025728676355697197800684590546921986...

Fig. 11. Symbolical calculation of the optimal chain length in WolframAlpha site
Puc. 11. CuMBoJIMYeCKUH pacyeT ONTHMaJIbHOH JJIMHEI el Ha caiTe
WolframAlpha
The function {(x)’ is the Riemann Zeta function. You might want to
check if, with sufficient numerical accuracy, your m_as approximated,

reaches this number, or differs from it.

Hence a practical advice. If you want to hang a chain, rope or cable
between two posts or walls at the same height, then, in the absence of
any special requirements, it will be sufficient to choose a chain length
that is greater by about a quarter of the distance between the attach-
ment points, which are naturally on the same level. In this case ... see
above. If the points of attachment of the chain are at different levels,
then this constant will become different (and be no longer a constant,
but a variable instead).

After the publication in the author’s book [5] of this research and the
emergence of the hope for the discovery of a new physico-mathemat-
ical constant, a search was made for the Internet on the key “1.258
catenary”, which led to the publication “Optimal form of a sagging ca-
ble” [6], in which already appeared the number 1.258. So we are a
little late for the priority on this constant, but we consider ourselves
to be his co-author.

(End of the interlude)

So that’s it! Let’s sketch a chain on two nails as shown in Fig. 7, and we
will gradually reduce its length. A numerical experiment shows that
at the moment of the fusion of two sections of the chain (Figure 8), the
force applied to the nails acquires a minimum value. Further, this
force will only increase. This is a certain boundary between the two
forms of sagging of the chain shown in Fig. 7 and 8.

A closed chain can be rotated not only on the fingers, but also in a
different way: by hanging it on the left and right index fingers and
rotating them around the circumference. Figure 12 shows the anima-
tion frames of this hand exercise in its mathematical implementation:
one point of attachment of the chain is fixed, while the second is rotat-
ing in a circle around it. Rather, only one quarter of a circle, but on the
other three quarters the result will be identical (symmetrical).

B! Bocnpoussectu aHumaumio  — ] X B |Bocnpoussectu aHumaumio  — ] X B Bocnpoussectu aHumaumio  — ] X B Bocnponssectu aHumaumio  — [m] X
|
( X-Xg ( (x-xg x-xg ( (x-xg
h+ a-| cosh -1 h+ a-| cash -1 . h+a- cosh -1 h+a—t:osh[ -1
L \ a . \ L a = a a
N ) hy = 12.784035cm hy=13.929381cm hy = 12.182766cm hy=u
ay = 6.772649cm ay=5.01021cm ay = 1.596774cm ay=u
H xgy = 13cm Xy = 8.159778cm xgy = 6.776311cm Xgy=n
A
\ hp = 7.894767cm hp = 10.153734 cm hp = 10.864386cm hp=1»
\w
\\ ap = 1.8832%cm ap=1.234514cm ap = 0.269761cm ap=au
N - xgp = 13cm xpp = 11.583636cm xgp = 9-87056cm Xp=1
=1 | =1 [ | = [ | L= [ ]
B Bocnpoussectv aHuM...  — O X B Bocnponssectu aHum...  — ] X B |Bocnponssectn aHum...  — O X B Bocnponssectn aHum..  — O X
|
X - Xp X=X X-Xg { x-Xg
h+a-| cosh -1 h+a- cosh -1 h+a- cosh -1 h+a- cosh -1
. a - \ Loa \ a \ L oa
" hyy = 12.063067 cm hy = 12.731035cm b hyy = 13.154968 cm hy=u
ay = 3.28788cm ay = 2.058159¢cm ay=0.776121cm ay=u
. xgy = 12.413484cm Xgy = 11.181875¢cm xgy = 7-939224cm Xgy=1u
{ hp=12061245cm hp = 13.655799cm hp = 12.936273cm hp=1
4 ap = 3.286013cm ap = 2.962916cm ap = 0.210544cm ap=au
xgp = 12.413907cm xgp = 10.419552cm xgp = 9523557 cm Xp=1
» B ’ B (] B L

Fig. 12. Frames of animation of rotation of a closed chain between two nails: the top row is a long chain, the bottom row is a short chain.

Puc. 12. Kagpbl aHMMaL UK BpallleHUs 3aMKHYTOH LIeN0YKY MeX/y ABYMsl Na/bLaMH, Iap/ioH, TBO3/SIMU: BEPXHUH Psifi — AJIMHHAs LEN0YKa,

HWKHUT pAaA yKOpoYeHHasd uenovyka
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What conclusions can be drawn by analysing Fig. 127

Firstly, the distance between the points of suspension of the chain is
not the only criterion determining the form of its sagging. This crite-
rion is unique for the case when these points are on the same level -
see Fig. 10.

Secondly, two frames of animation on the right edge of Fig. 12 once
again underline the limits of the numerical solution of the problem:
under certain initial conditions, there is no such solution. This is con-
nected with the very essence of numerical methods and with the fact
that a vertically sagging chain requires a different formula for calcula-
tion, rather than the one shown in the animation frames in Fig. 12.

2. Chain on “hangers”

A hanger, human shoulders designed, is in the form of an obtuse-an-
gled isosceles triangle with a hook at the top. It is hung up with clothes
in the wardrobe’.

Some things (women’s dresses, for example) often slip off from these
“shoulders (hangers)” and fall down. Or vice versa, the straps are assem-
bled at the bottom of the hook - at the top of the triangle. Which, too, is
not good in terms of keeping things safe and undisturbed. So our research
will have not only purely scientific, but also some applied value!

Let’s see how this hanger will hold not lingerie underwear, but our
closed chain.

Problem. Take the already known closed chain, which is not hung on
two nails (Figure 2), but on two straight segments (“on the hangers” -
see Figure 13). The forces of friction (a stiction), as in the previous
problem, are not taken into account, and the chain is inextensible and
completely flexible. How will this chain hang?

Fig. 13. Closed chain on hangers

Puc. 13. 3aMKHyTas LenovKa Ha “Ijieynkax”

Figure 14 shows the protocol for the numerical solution of this prob-
lem in Mathcad. The already familiar Minimize function is used, mini-
mizing the potential energy of the closed chain under certain restric-
tions. The task is similar to the previous one, but the contact points of
the chain are not fixed at two points, but “slide” along the segments of
the inclined lines - along the “hangers”.

It is assumed that the chain on the “hangers” can also hang in an
asymmetrical position (obliquely - “a crooked smile”). Therefore, two
unknown quantities x; and x, are entered in the calculation: the dis-
tances from the vertical axis where the hook is located to the left and
right suspension points.
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d 'x—xo)
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R
¢ ( y 2
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Fig. 14. Calculation of the position of the closed chain on the “hangers”

Puc. 14. PacyeT noJioxkeHUsl 3aMKHYTOH L{EITOYKU Ha «ILJIEYHKaX»

The chain position shown in the photo in Fig. 13, is not an equilibrium
one. It is an artificial, determined by the friction force (a stiction) of
the chain on the “hangers”. Analogy: the bar on the inclined plane (see
the centre of Figure 14) is stationary, although it must slide down-
ward, reducing its potential energy. The cause of immobility is the
force of friction. And not the frictional force of sliding, which is calcu-
lated by a simple formula, but the frictional force of rest, the calcula-
tion of which is much more complicated. If these forces would not
exist, the chain would either sag with two identical halves symmetri-
cal about the Y axis, or slip off the hangers and sagged vertically,

7 Conditionally all hotels in the world can be divided into two different groups. In the closets of some of them (and these, alas, are a minority) hang ordinary “home”
hangers. In others, one might say, not “homemade” but “wild” hangers, which consist of two parts - the “hook”, which is tightly tied to the rod in the closet, and actually the
hanger itself without a hook, that is necessary to cunningly combine with the hook. This is very inconvenient, but it is done to counter the theft of hangers by hotel guests. The
author saw in one hotel also a third type. There the hangers were attached to the closet ... by a chain - the object of our investigation. In the old days, in public place, a chain
often attached a mug to a pot of drinking water. Now it is often possible to see in offices a chain fastened to a pen for writing so that visitors do not accidentally or intentionally

take it away.

CoBpeMmeHHble
MH(OPMaLMOHHbIE
TeXHonormm

n UT-o6pasoBaHue

Tom 14 N° 2 (2018) ISSN 2411-1473 sitito.cs.msu.ru



Theoretical questions of computer science, computational mathematics,
computer science and cognitive information technologies

Valery F. Ochkov, Massimiliano Nori

341

catching the base of the hook of the hanger. And this “either” does not
depend on the length of the chain, but is only related to the angle of
disclosure of the “hangers”. Here there is a qualitative difference be-
tween the “hangers” (Figure 13) and the two nails (Figure 2), on
which two parts of the closed chain can sag either in two unequal sec-
tions (see Figure 7) or symmetrically (Figure 8) to achieve the mini-
mum potential energy. The chain on the “hangers” always hangs in
half. It begins, however, to divide into two unequal parts at the mo-
ment when the slip begins before slipping off the “hangers”.

With the help of a numerical experiment the critical opening angle of
the “hangers”, in which the chain jumps off the hanger, was deter-
mined. To determine this angle, an animation was created, two frames
of which are shown in Fig. 15. The animation itself can be seen here
https://community.ptc.com/t5/PTC-Mathcad-Questions/Round-
chain-on-the-corner/td-p/553624 (site with discussion of the task).
With an increase in the angle a (the angle of the “opening” of the
hangers) by an amount greater than 50 angular degrees, the chain
jumps off the “hangers” and hangs on the hook attachment point - at
the apex of the obtuse angle.

B ' Bocnpoussecty aHnMaumio — O X

o+ B=100"

o= 50-° B=50"

» B [ |

B |Bocnpoussectt aHumaumio — O X
oo+ A=103°
o= 515" p=515"°
L= [ ]

Fig. 15. Two frames of the animation of the closed chain jump from the hangers

Puc. 15. /IBa kaZipa aHUMALUU COCKAaKMBAHUsI 3aMKHYTOM LIeNOYKH C [IJIEYHKOB
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Fig. 16. Calculation of the critical angle of a closed chain sagging on the hangers
Puc. 16. PacyeT KpUTHYECKOTO YIJIa IPOBUCAHUS 3aMKHYTOH LIeNI0YKH Ha

nJe4yrKax

Figure 16 shows the calculation of this critical angle-the numerical
determination of the value of @, at which the potential energy of a
chain sagging along two identical arcs of a chain line (PE ), is equal to
the potential energy of a chain hanging vertically (PE ) and hooked to
the top of the “hangers”®. This angle o was slightly more than 50
degrees, which correlates with the data obtained when viewing the
animation (Figure 15).

Most likely, an analytical rather than a numerical approach to solve
the chain problem on the “hangers” will give an answer not in angular
degrees, but in the form of a fraction n-m / m, where n and m are nat-
ural numbers greater than unity. Mathematicians are always some-
what upset when it is said that a sine of 60 angular degrees’ is equal
to 0.866 ... The orthodox mathematician here will say differently - see
the second line of calculation in Fig. 17.

You can try to find analytically (symbolically) the value of « - the
values of n and m in the expression n-m / m, but you can do it in the
way shown in Fig. 18 - sorting out the values of n and m in the range
from 1 to 30, and remembering those (n = 7, m = 25), which most cor-
respond to the numerical response in Fig. 16.

8 First the catenary parameters X, Y (right attachment point), h (clearance) and a (catenary scaling parameter) are determined as function of the angle a through 4
equations. Then the critical angle is found by solving the equation equating the potential energy of two identical arcs of a chain line (PEc) to the potential energy of a chain
hanging vertically (PEv). Conditionally by combining the equation of the arc length and the condition on the derivative we obtain the so-called Whewell equation of the

catenary (i.e. L/2=atan(a)).

9 An air balloon burst from the clouds. From the basket the flyer shouts to a man on the ground: “Excuse me, where are we?” Answer from the man: “You are in a basket
of a balloon!” He was a mathematician. Only from a mathematician can we hear an absolutely accurate but completely useless answer. There is a little-known continuation of
this old joke. The flyer in response shouts: “You do not understand! Our navigator’s batteries are depleted, and we cannot determine our coordinates! “. The mathematician
looks at his smartphone and answers: “Zero point ninety-six hundredths radians of northern latitude and zero sixty-four hundredth radians of eastern longitude!” Only

mathematicians measure angles in radians, and not in more familiar degrees!
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sin(60°) = 0.866

(5]~ %

Fig. 17. Numerical and symbolic calculation of the sine in Mathcad

Puc. 17. YucneHHBIH M CUMBOJIbHBIN pacyeT cMHyca B cpefie Mathcad
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Fig. 18. Refinement of the value of the critical angle of the opening of the “hangers”
with the chain
Puc. 18. YTouHeHUe 3HAUYEHUST KPUTHUYECKOTO yIJia PACKPbITUA «IIJIEYUKOB» C
1enoYKOUl

The calculation shown in Fig. 18, of course, can be considered a kind
of curiosity - an imitation of an analytical approach to the solution of
the problem. But the authors emphasize this approach not in vain,
since it is very common in our computer age. In some cases, it is very
productive, while in others it is counterproductive. We entrust those
readers who are strong in analytical transformations, to confirm or
refute the assertion that a =77 / 25.

The reader can also replace rectilinear hangers by round ones or in the
form of a segment of a parabola, a hyperbola or even a segment of a
chain line (a catenary) and analyze the behaviour of a closed chain on
such “designer hangers.” On the chain, you can hang a pendant (point
mass) and evaluate the properties of such a mechanical system.

3. Chain on a cone

The behaviour of a closed chain on a circular, straight cone is interest-
ing. The reader can either conduct such experiment by himself, or
read the report on this work in [7], the acquaintance with this report
moved authors to write this divertissement.

A few words about the chain on the cone. It may, depending on the
angle of the opening of the cone, either jump off it, or remain on the
cone (the frictional forces are again not taken into account). But there
is also a third equilibrium - an unstable one, which is qualitatively
displayed on the lower graph of Figure 7. The chain at the slightest
external jerk can either jump off the cone, or take a stable equilibri-
um, enveloping the cone. This was proved by the authors of [4]. It is
also interesting to investigate the oblique cone, too, and how a closed
chain will behave on it. By the way, indirect - “oblique hangers” with
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a closed chain can be investigated using the program shown in Fig. 14.
The result in Figure 19.

At any angle of inclination of the “hangers”, a closed chain wrapped
around them does not bifurcate, the angle of connection of the ends of
the chain with the “hangers” remains straight, which eliminates the
sliding of the chain along the “hangers”.

o+ F=T5h° a+ @3=45°

p=60° B=60°

a=-15°

a=15"°

Fig. 19. Chain on “oblique hangers”

Puc. 19. llenoyka Ha «KpUBBIX MJIEYHKAX»
Conclusions

A chain could not only be worn around neck or twisted on the fin-
gers - it is also possible to conduct interesting physical and mathe-
matical experiments with it - real and on the computer! For educa-
tional and scientific purposes.
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