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Abstract

This work demonstrates the Fourier transform of the elementary transfer matrix of the generalized
two-dimensional Ising model with special boundary conditions with a shift (screw type) with the form
of a Hamiltonian covering the classical Ising model with an external field, as well as models equivalent
to models on a triangular lattice with a chessboard type Hamiltonian (the author plans to consider
the general form of interaction in the following publication). Its limit representation is obtained in the
form of a sum of integral operators with the size of the system tending to infinity. This allows the actual
problem of finding the maximum eigenvalue of the limiting elementary transfer matrix (its Napierian
logarithm is equal to the free energy of the system) to be brought to finding the maximum eigenvalue
of the sum of integral operators of a fairly simple form. This approach can help solve the problems as-
sociated with the large size of the transfer matrices.
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AHHOTaUUs

B pabote cznesnaHo npeo6pasoBaHue Pypbe asieMeHTapHOU TpaHCcdep-MaTpUlbl 0600LEHHOHN /IBY-
MepHOH MoJe/i U3uHra co crenyasbHbIMU FPAHUYHBIMU YCJIOBUAMHU CO CIBUIOM (THIIa BUHTOBBIX)
€ BUJIOM raMUJIBTOHUAHA, OXBATbIBAIOIEM KJIACCUYECKYI0 MOJesb U3MHra ¢ BHEIIHUM T0JIeM, a TaK-
’Ke MO/leJiy, 9KBHBaJIeHTHbIe MO/IeJIsIM Ha TPEYToJIbHOM pelleTKe C raMU/JIbTOHUAHOM «IIaXMaTHOrO»
Tuna (061IMHI BUJ| B3aUMO/EHCTBHSA aBTOP MJIAHUPYET PACCMOTPETD B cleAylollel nyoinkanuu). Io-
JIy4eHO ee IpejieJIbHOe NpeACTaBIeHHe B BUJle CyMMbl HHTerpabHbIX ONEepaToOpoB INpHU pasMepax
CUCTEeMBI, CTPeMSLIUXCSA K 0ECKOHEYHOCTH. ITO M03BOJISAET aKTyaJbHYIO0 33/jauy HaX0XKJeHHUsl MaKCHU-
MaJIbHOTO COGCTBEHHOI0 3HaYeHUs MpeJie/IbHON 3/1eMeHTapHOo! TpaHcdep-MaTpULbI (ee HATypab-
HBbIH Jlorapudm paBeH CBOGOAHON 3HEPTUU CUCTEMBI) CBECTU K HAXO0XK/EHHI0 MAaKCUMaJbHOTO CO6-
CTBEHHOI'0 3HAUY€HHUsI CyMMbI HHTErPAJIbHBIX OIIEPATOPOB AOCTATOYHO MIPOCTOT0 BU/A. TaKOH MOAXOA,
MOXET IMOMOYb CHATB NPOBJIEMBI, CBSI3aHHbIE C GOJIBIIMM pa3MepoM TpaHCcdep-MaTpHlL.

KiiroueBblie C/10Ba: 06061uieHHas Mo/iesb U3KMHra, raMUJIBTOHUAH, 3JieMeHTapHas TpaHcdep-Ma-
TPHULQA, CTATUCTHYECKAs] CYMMa, CBOGO/[HASI SHEPTHSL.

JJ11 BUTUPOBAHUA: Xpanos Il. B. lipeo6pazoBanue Pypbe TpaHchep-MaTPULL IIOCKUX MOAesiei
Hzunra // CoBpeMeHHble UHPOpMalMOHHbIe TexHooruu U UT-o6pa3oBanue. 2019. T. 15, Ne 2. C. 306-
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Introduction

The transfer matrix method is successfully used to find partition
functions, free energy, and other characteristics of physical systems
[1-3]. The Fourier transform is often used when studying statisti-
cal physics models, for example, in [4], when finding spontaneous
magnetization, both the transfer matrix and the Fourier transform
are used. In [5], the Fourier transform of the correlation function
of the Ising model in two and three dimensions is modelled. This
work demonstrates the Fourier transform of the special elementary
transfer matrix of the Ising model [6] with a Hamiltonian covering
the classical Ising model with an external field, as well as models
equivalent to models on a triangular lattice with a chessboard type
Hamiltonian [7]. Its limit representation is obtained in the form of a
sum of integral operators with the size of the system tending to in-
finity. This allows the actual problem of finding the maximum eigen-
value of the elementary transfer matrix [6] (its Napierian logarithm
is equal to the free energy of the system) to be brought to finding
the maximum eigenvalue of the sum of integral operators of a fairly
simple form. It is possible that the eigenfunctions of this operator
may also be generalized functions (such solutions are demonstrat-
ed in [6], they are for the more general form of the Hamiltonian, af-
ter the Fourier transform they will become generalized functions).
By iterating approximations to the eigenfunction, for example, by
the power iteration, we look for the eigenfunction of the transfer
matrix immediately in an infinite volume, which is very significant
and it can solve the problems associated with the finiteness of the
volume under consideration in the calculations.

The Basic Definitions

Let us consider a two-dimensional square lattice of L x M size, the
total number of nodes of the lattice is R = LM . So we will assume
that there is a particle in each node. The state of a particle is deter-
mined by a ¢, that can take 2 values: +1 or -1. Each spin interacts
with the eight nearest spins in four directions or lines. The Hamilto-
nian of the model has the form

L M
H (o) :_Z Z (Jio, 0, +J26;n6::n+l +
n=l  m=l

m+l m+1

_ m m+1 m m __m+l
- JSO-nHGn + J4Gn O + JSO-n O, O,u +
m__m m+1 m__m m+1 m+l__m m+1
+J60n O-n+lo-n + J7o-n Gn+16n+1 + JSGn o-n+16n+1 +
m__m m+l __m+1 m (1]
+J90-n O-n+16n o-n+l + ho—n )’

where Ji’ 1= 1, 2, ceey 9 - corresponding spin-spin interaction

coefficients. We introduce Ki = Ji /(kBT),

I = 1, 2, ceey 9, where T - temperature, kB - the Boltzmann
constant, H = h / (kBT) interaction parameter with an ex-

ternal field with a coefficient h . Then the partition function of the
model can be written in the following form
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L M
Z, =Y. exp(-H (0)/ k;T)=Y exp(d. > (Kolop, +

n=l  m=1
m__m+l m m+l m__m+l m__m+l__m+l
+K20n Gn + K3Un+10n + K4o-n 6n+1 + KSGn Gn Gn+l +
m__m m+l m__m m+1 m+l __m m+1
+K6o-n 0-n+lo-n +K7Gn o-n+lo-n+l +K80-n o-n+16n+1 + ’ (2)
m__m m+l__m+l m
+K9Gn Grﬁ»lcn Urﬁ»l + HGW ))
where the summation is performed over all spin states.
Define the toroidal “winding” boundary conditions:
M+1 1
c, =o, n=12,.,L,
m m+1 _
o,,=o , m=12,..,.M. (3)

We renumber all the spins of the helical torus from i=1to

i=LM.

Let us introduce the function

H(0;,0,15+504,1,0,,.4) = Xp(K,0,0,, + K,0,0,,, + 4)
K60, + K00, +K0,0,,0,,,+K0,0,0,, +
K;0,6,10,,14 + K50,,,0,.,0,.10 + Ky0,6,,0,,,0,,,, + HO,)
Then
LM
Zy :ZHt(Gi’GHl""’O-i+L’Gi+L+l) ()
o i=l

with

Let us introduce the elementary transfer matrix A= Ap q

. L+1 L+1 .
the size 2 x 2 , nonzero elements Ap q re numbered with

5

pairs of sets {(0,0 15,011 )5 (T 50501150141}
, in this connection

L (l-o, .
p= ;%2", p=0,1,2,..2""-1, (©

o (1-0,.1.)
j k L+1
q=) —H#22" g=0,1,2,..2"" -1 )
k=0 2
Then

. LM
Z,., =Tr(4™). (8)
Formula (8) shows the conformity of the term “elementary transfer
matrix” with the classical definition of the transfer matrix and its
use: the task of finding the partition function and the free energy of
the system is reduced to finding the maximum eigenvalue ),max of
the elementary transfer matrix A= Ap 7 the free energy is

f = 1n(}tmax ) Figure 1 shows the form of an elementary trans-

fer matrixat L. = 2.
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N-1
+ N
) | ye=D.bx,, k=01.,N-1 (14)
L=2 + - + . R =
=
+ + + + (/% Then

+ | ay a N-1 2ri o N-1 27 » V= 1 N-

+ - - Y(p)=2yke N = kaZX(q)e =
. ! ! k=0 =0 =0 g0
+ ay, a,,
. - N-1 N-1N-1 T .
(kp—aj)
( bye ¥ )X (q)

+ ay, a, q=0 k=0 j=0 (15)
* [ as, p:O, P .,N_l.

+ A aq Let us apply the formula (15) to the transfer matrix A:

o o LN 27 ateary poahrr ey
Y(p)=— ZZ(Z e N 42
Oia | O | O oSy 4k+r 2k+r i
N/8-1

g atL = 2.lnempty
cells, the matrix elements are ze}o

Fig. 1. Type of elementary transfer matrix A = A

In general, nonzero elements have the form of

o =t(L1,..,1L (=", 1=0,1, )
a, =t(-1,1,...,1,(=1)")
a, =t(1,~1,..,1,(=1)")
a, =t(-1,~1,..,1,(=1)")
a, =t(1,1,..,~1,(=1)")
ag, =t(-1,1,...,—1,(=1)")
a, =t(1,~1,...—1,(=1)"),
a, =t(-1,~-1,...,-1,(=1)")
Fourier Transform
Let us assume that
X=Xy, X 5ees Xy 1) (10)

where N = 2L+1

- length of sequence X .

Then the Fourier Transform of the sequence X have the form of:

X =(X(0),X(D),...X(N-1)) (11)
27zrzkp
X(p)= Zxk N, p=0,1,.,N-1. (12)
Inverse Fourier transform
27271 4

ZX (q@)e” (13)
Let us assume that
Vol. 15, No. 2. 2019 ISSN 2411-1473 sitito.cs.msu.ru

e
4k+l+rﬂ 2k+rﬁ+mﬁ

IM

N N
—T((4k+l+r7) p—(2k+r?+m7))q)

0 27T
N3 ﬂ((4k+2+r7)p ke Xam g
z a N N N A
4k+2+r—2k+1+r—+m—
k=0 2 4 2
N1 7%((4/”3”%) p—(2k+l+r%+m% »4)
a )
=0 4k+3+r%,2k+l+r%+m%
(16)
p=0,1,.,N-1.
Considering that
a =dad
4k+r— 2k+rﬂ+mﬁ 4r.m
2 4 2
a =da 7
4k+l+rﬁ 2k+rﬁ+mﬂ Ar+lm
2 4 2
a =da
4k+2+rN 2k+l+rﬁ+ml Ar+2,m
2 4 2
a =da
4k+3+rl 2k+1+rﬂ+ml Ar+3,m
2 4 2
k= 0,1,...,5—1, r= 0,1, m = 0,1,We obtain
1& i -, 2,
Y(p)= Z A X(‘I)—*z (@ +ape™ +ape ¥ +ae™e ¥+
4=0
2mi 27i 2mi
-2 (2p-q) ——(2p-9) —-0Gp-q)
aye ¥ +tay,e™e ¥ +age N
2mi . Tmigq
—Gpr-q) —Tip+—=
a, e ¥ +a.e  ?+
. 3mig miq 2mi 3mig  2mi
—Tip+ —Tip+————p —Tip+ —-——p
+a,e 2 tage 2N +age e N+
. miq 2mi 3rwig 27 . omiq 2w
—mip+—= —f(2p q) —mip+——  —— (2p—q) —rip+— -——0Cp-9)
age +age Ze N +ae eV +
*nipﬁﬂ% *% P=4q)
ae e )S(p.q)X(q)
(18)
where
N 27i N —ri
T o TAp29) —2r-a)
N(‘”‘” 2kq) l—e l-e
S(p q) Ze =27ri = =2ri
(4p-29) ~ (4p-29)
1-e ™ 1-e
(19)
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N 1 7%2»1 7%2(2%/) 7%2(3%1)
pP= 0,L..,N~-1, 2p —q# O(modE) Ay = 2N(aoo +ae +aye +aye
Taking advantage of the / / ,%2,,, f —%2(2»«—/)
1 1 1 a,(=1) +a,(=1)'e +ag(=1'e

ia = P = = 7@ .
1-¢ l1—cosa —isina ZSmZE—Zisin%cos% 20) am(—l)le 20 l))S(Zm,Zl)

sin2%+cosz% sin%ﬂ'cosg i o« N N (23)

= =—+—cot—
2sin? &~ 2isin L cos & 2sin & 22 2 m:O’l’m,E_l’ZZO,LW’E—L
We ob%ain 2 2
1 5 o where . 5
=—(1=(=})*1 —1 — — 21

S(p.q) 2(1 (=) ")(1—icot( N 2p-q)) @1 S(zm’zl):5(1_(_1)1)(1_1-00“%2(2,”_l))) (24)

Let us simplify the expression for matrix elements qu :

2mi 2mi

1 27
4 :N(aoo""am(_l)q"'aloe Np+a11(_1)qe Np"'

——2p-q)
+a, (-1)%e " +ae V

+a, (D" +a,(-1)" (i) +
2mi 2mi
ay (=17 ()e V' +ag (1) V' +
2rmi 2mi
el ta, (—l)p (i)3q 677(217711)

2rmi 2ri

-“=“(3p—q) -——Bp—q)
T v 1y ye

ag (=1’ (i)'e

a, (=D (@)"e )S(p.q)
(22)
p=0,1,.,N-1.

Consider the special case when @, , = @, |, [ = 0,1,...,7.This
condition is satisfied by the model when
K,=K,=K,=K,=K, =0, parameters
K .K,,K ,Kzé ,H they can take arbitrary values, for example,
the standard’lsing model with an external field and arbitrary inter-
action parameters in both directions and an additional interaction
creating a triangular lattice, plus a triple interaction of the type

0.0.,,0. (not including O in terms of this article),
i i+l l-g—,ﬁ . it |
chess-type” Ising model on a triangular lattice. The case of a gener-

al Hamiltonian with arbitrary K4 , KS , K7 , KS , K9 the author
will consider in the next publication.

In this case from (22), if ¢ = 21+1, = 0,1,...,E—1rthen
2

A

p.21+1

=0, p=0,1,...,N—1.

then it makes 0 ,
N

m= 0,1,...,— -1, q= 0,1,...,N —1 (still the odd com-

ponent of the ve(%or X ={X(9),q9=0,1,..., N -1} when finding a

vector corresponding to the maximum eigenvalue, for example, by

the power iteration, it will give a zero contribution). As a result, we
obtain

take A

sense to 2m+l g =

But
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From (24) itis clear thatif [ = 27, j = 0,1,_.,,E —1 then
4

S(2m,4r) =0, unless
2p—q=4m—-4r=0 (mod%),

in this case

S(2m,4r) = % (25)

At = 22_7r, At =42—7T, t, =mAt :m4—ﬂ,
N N

r = r+) AT )2

Then, taking into atount (25), (23), V\Zlgwrite down

M

2 1 ' '

_ 1 —it,, —it,,
Z A2m,21x21 "2 (Ggo +ae " +ay +aye " +
=0

1

A, +age " +ag +age ")S(2m,20)

(26)
0dd columns of the matrix A are:

1 —%Zm 7%2(2%(2”1))
A2m,2(2r+l) = 2%("00 +a,e +a,e
—%2(3m—(2r+1)) —%m —%Z(Zm—(ZH—I))
d30€ Ty T ds0€ ~dg€ -
2ri
2 (3m—(2r+1)) . 21
a,e )1 —i COt(W 22m—(2r+1))))
(27)
N N
m=0,1,...——-1, r=0,1,...,——1.
29 b 2 b 9 4
2 2
Let us introduce the following At = 2— AT = 4?

4r At 4r
t,=mAt=m—, ¢ =Qr+1)—=Q2r+1)—
N o@D =Er by

(28)
Using (27), we represent the right-hand side of (27) in the form
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1 —it it +ir
A2m,2(2r+1) = in At(ay +ae " +ae "+
=3it,,+it, _ —it,, =2it,, +it,
az,e Ay — dsp€ Qg€
=3it,, +it, .
a,,e )J1—icot(2¢, —7,))
(29)

Using (27) and (29), we pass to the limit when N — 0. We ob-
tain the form of the operator of the elementary transfer matrix after
the Fourier transform

1 » . »
(Ax)(t) = Z(aoo +ape " +ay+a,e Fa, tage +

. 1 . » .
ag, +ae x(20) + Z(%O tape " —ay —aye " ta, tage —
Agy — azpe (2t + 1)+

1 ) ) 2n
4_[(aoo +age " —a, —age™) IX(T)dT +
T 0

2n
—2it —3it —2it —3it it
(aye " +ae™ —age ™ —ae ™) je x(t)dr —
0

2r
i((ag + aye ™ —a, —agme “)V.p. Icot(Zt —7)x(t)dr +
0

2
(aype ™ +ane™ —age™ —a,e”)V.p. jcot(Zt —1)e" x(r)dr)]
0 (30)
Conclusive statement

We have obtained an elementary transfer matrix of the generalized
Ising model in the form of a sum of integral operators. This will
expand the possibilities of studying the spectrum of the transfer
matrix and finding the exact or approximate value of the partition
function and free energy of the generalized Ising model.
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