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Abstract

The paper is devoted to the problem of multi-purpose control law synthesis for marine vessels, which 
are controlled by a dynamic positioning system under sea wave disturbance. The proposed approach 
is based on a special control law structure constructed using nonlinear asymptotic observers, that al-
lows decoupling of synthesis into simpler particular optimisation problems. The designed dynamic of a 
closed-loop system provides an economical mode of vessel motion by reducing general fuel consump-
tion and preventing the wearing down of actuators. The actual value of the external disturbance main 
frequency is estimated online and used for dynamical corrector tuning. Applicability and efficacy of this 
approach are illustrated by the practical example of DP system synthesis.
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Аннотация

Работа посвящена синтезу многоцелевого управления в задаче динамического позициониро-
вания морских судов с учетом морского волнения. Современные системы морского динами-
ческого позиционирования, как правило, строятся на основе нелинейных асимптотических 
наблюдателей, восстанавливающих скорости судна. В статье дополнительно к наблюдателю 
предлагается использовать динамический корректор, реализующий экономичный режим дви-
жения судна с целью снижения общего расхода топлива и предотвращения износа исполни-
тельных механизмов. Для динамической настройки корректора используется оценка основной 
гармоники возмущающего воздействия. Для этого получена регрессионная модель первого 
порядка, неизвестный параметр которой зависит от основной частоты морского волнения. На 
основе метода градиентного спуска строится оценка частоты, обеспечивающая экспоненциаль-
ную сходимость ошибки оценивания к нулю. Применимость и эффективность предложенного 
подхода проиллюстрированы на практическом примере синтеза системы динамического пози-
ционирования.

Ключевые слова: динамическое позиционирование, закон управления, устойчивость, 
внешние возмущение, оценка частоты.
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Introduction 

The problem of dynamic positioning (DP) is one of the most significant 
problems in marine control. Modern DP systems are widely used in 
different areas such as hydrography, inspection of marine construction, 
wreck investigation, underwater cable laying, and so on [1–4].  
There are a wide spectrum of publications connected with 
different questions of DP-control systems design [1–3, 5]. The 
approaches in [3, 5] propose the structure of DP control law, using 
nonlinear asymptotic observers, and provide sufficient conditions 
for global asymptotic stability and validate the possibility of 
independent tuning for observers and state control laws. In the 
paper [1], this approach is modified to increase flexibility using 
the theory of multi-purpose control law synthesis [6–7]. 
This work is devoted to design an optimal control for providing 
desired dynamic behaviour of the closed-loop system. The main 
goal of the dynamical corrector is to suppress the high-frequency 
signals in the actuators input signals. The slight reaction of the 
actuators to relatively high frequencies occurring in the sea wave 
process is achieved. In contrast to [1], where the disturbance main 
frequency value should be known, in this paper, it is estimated 
online. The advanced results of frequency estimation provide global 
exponential convergence of the estimation error to zero. This 
property is guaranteed for all initial conditions, valid parameters of 
an algorithm and a measured signal. Such results are described in 
[8–10]. In this paper a parametrisation proposed in [11] is used to 
obtain the first-order regression model, where an unknown 
parameter depends on the external disturbance frequency. The 
standard gradient approach is used to estimate the regression 
model parameter value. The frequency estimation error converges 
to zero exponentially fast. The described algorithm does not require 
measuring or calculating derivatives of the input signal. 
This paper is organised as follows. The problem is formulated in 
Section 1. In Section 2, the equations of DP vessel motion are 
presented, the special structure of control law is introduced, and the 
problem of separate filtering correction is posed. Section 3 presents 
the computational procedure to implement a filter tuning onboard. 
In Section 4 we describe the frequency estimation algorithm and 
prove an exponential convergence of the estimation error to zero. 
The efficacy of the proposed approach is demonstrated through a 
set of numerical simulations, which are described in Section 5. 
 
Mathematical model and problem 
formulation 

Consider the 3-DOF horizontal plane nonlinear model [12] of 
DP-control plant:  
𝑀𝑀𝑀𝑀�̇�𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) = −𝐷𝐷𝐷𝐷𝜈𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) + 𝜏𝜏𝜏𝜏(𝑡𝑡𝑡𝑡) + 𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡),
�̇�𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) = 𝑅𝑅𝑅𝑅(𝜂𝜂𝜂𝜂)𝜈𝜈𝜈𝜈(𝑡𝑡𝑡𝑡),
𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) = 𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) + 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡),

𝜈𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) = �
𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡)
𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡)
𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡)

� ,    𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) = �
𝑥𝑥𝑥𝑥(𝑡𝑡𝑡𝑡)
𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡)
𝜓𝜓𝜓𝜓(𝑡𝑡𝑡𝑡)

� ,

 (1) 

where 𝜈𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) ∈ ℝ3 is the generalised velocity vector defined in a 
vessel-fixed frame 𝑂𝑂𝑂𝑂𝑥𝑥𝑥𝑥𝜈𝜈𝜈𝜈𝑦𝑦𝑦𝑦𝜈𝜈𝜈𝜈𝑧𝑧𝑧𝑧𝜈𝜈𝜈𝜈 that includes linear velocities 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡), 
𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) and angular velocity 𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡); 𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) ∈ ℝ3 is the joint vector 
relative to an earth-fixed frame 𝑂𝑂𝑂𝑂𝑥𝑥𝑥𝑥𝑦𝑦𝑦𝑦𝑧𝑧𝑧𝑧 that includes position 
parameters (𝑥𝑥𝑥𝑥(𝑡𝑡𝑡𝑡),𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡)) and the heading angle 𝜓𝜓𝜓𝜓(𝑡𝑡𝑡𝑡); 𝜏𝜏𝜏𝜏(𝑡𝑡𝑡𝑡) ∈ ℝ3 
is a control action generated by the propulsion system; 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) ∈ ℝ3 

is a measurable output signal; 𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) ∈ ℝ3 is a disturbance, which 
describes slowly varying wave, current and wind loads; 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡) ∈
ℝ3 is a measurement error; 𝑀𝑀𝑀𝑀 ∈ ℝ3×3, 𝐷𝐷𝐷𝐷 ∈ ℝ3×3 are positive 
definite matrices with constant elements, and 𝑀𝑀𝑀𝑀 = 𝑀𝑀𝑀𝑀𝑇𝑇𝑇𝑇; 𝑅𝑅𝑅𝑅(𝜂𝜂𝜂𝜂) is 
a orthogonal rotation matrix:  

𝑅𝑅𝑅𝑅(𝜂𝜂𝜂𝜂) = 𝑅𝑅𝑅𝑅(𝜓𝜓𝜓𝜓) = �
cos𝜓𝜓𝜓𝜓 −sin𝜓𝜓𝜓𝜓 0
sin𝜓𝜓𝜓𝜓 cos𝜓𝜓𝜓𝜓 0
0 0 1

� . (2) 

The objective is to design a nonlinear dynamic control law of the form  
�̇�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝑓𝑓𝑓𝑓(𝑧𝑧𝑧𝑧, 𝜏𝜏𝜏𝜏,𝑦𝑦𝑦𝑦),
𝜏𝜏𝜏𝜏(𝑡𝑡𝑡𝑡) = 𝑔𝑔𝑔𝑔(𝑧𝑧𝑧𝑧,𝑦𝑦𝑦𝑦),  (3) 

where 𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) ∈ ℝ𝑙𝑙𝑙𝑙 is a state space vector of the controller, 𝑙𝑙𝑙𝑙 ∈ ℤ+. 
The following design requirements must be satisfied for the 
closed-loop system (1), (3): 
1. The system must have the only one equilibrium point, such 
that 𝜈𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) ≡ 0,    𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) ≡ 𝜂𝜂𝜂𝜂∗, (4) 
2. where 𝜂𝜂𝜂𝜂∗ = [𝑥𝑥𝑥𝑥∗ 𝑦𝑦𝑦𝑦∗ 𝜓𝜓𝜓𝜓∗]𝑇𝑇𝑇𝑇 ∈ ℝ3  is the desired constant 
position vector.  
3. The equilibrium point must be globally asymptotically stable.  
4. The controller (3) must provide an integral action with 
respect to the LF components of the bias vector 𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡).  
5. The controller (3) must provide a filtering action to the 
control signal 𝜏𝜏𝜏𝜏(𝑡𝑡𝑡𝑡) for the system (1), (3) with respect to the 
high frequency components.  
 
Setting the DP-controller with dynamical 
corrector 

Let us construct the nonlinear asymptotic observer to get 
estimates �̂�𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) and �̂�𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) of the state vectors 𝜈𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) and 𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) of 
the model (1) correspondingly. The observer should provide a 
global asymptotic convergence of estimation errors 𝜈𝜈𝜈𝜈�(𝑡𝑡𝑡𝑡): =
𝜈𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) − �̂�𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) and 𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡): = 𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) − �̂�𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) to zero in the absence of 
external disturbances and interferences. 
A nonlinear asymptotic observer was proposed in the paper [3]:  
𝑀𝑀𝑀𝑀�̇̂�𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) = −𝐷𝐷𝐷𝐷�̂�𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) + 𝜏𝜏𝜏𝜏(𝑡𝑡𝑡𝑡) + 𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝑦𝑦𝑦𝑦)𝐾𝐾𝐾𝐾1(𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) − �̂�𝜂𝜂𝜂(𝑡𝑡𝑡𝑡)),
�̇̂�𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) = 𝑅𝑅𝑅𝑅(𝑦𝑦𝑦𝑦)�̂�𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) + 𝐾𝐾𝐾𝐾2(𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) − �̂�𝜂𝜂𝜂(𝑡𝑡𝑡𝑡)),

 (5) 

where 𝐾𝐾𝐾𝐾1 ∈ ℝ3×3, 𝐾𝐾𝐾𝐾2 ∈ ℝ3×3 are constant matrices, which are 
chosen to provide global exponential stability (GES) of the zero 
equilibrium position of the following system in the absence of 
external disturbances 𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) ≡ 0, 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡) ≡ 0:  
𝑀𝑀𝑀𝑀𝜈𝜈𝜈𝜈�̇(𝑡𝑡𝑡𝑡) = −𝐷𝐷𝐷𝐷𝜈𝜈𝜈𝜈�(𝑡𝑡𝑡𝑡) − 𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝑦𝑦𝑦𝑦)𝐾𝐾𝐾𝐾1𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡),
𝜂𝜂𝜂𝜂�̇(𝑡𝑡𝑡𝑡) = 𝑅𝑅𝑅𝑅(𝑦𝑦𝑦𝑦)𝜈𝜈𝜈𝜈�(𝑡𝑡𝑡𝑡) − 𝐾𝐾𝐾𝐾2𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡).

 (6) 

A sufficient condition for globally exponentially convergence of the 
errors 𝜈𝜈𝜈𝜈�(𝑡𝑡𝑡𝑡) and 𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡) to zero is a diagonal structure and positive 
definiteness of the matrices 𝐾𝐾𝐾𝐾1 and 𝐾𝐾𝐾𝐾2 in accordance with [3]. 
By analogy with the general ideas are proposed in [3, 5, 13], we 
construct the feedback control law 𝜏𝜏𝜏𝜏(𝑡𝑡𝑡𝑡) in the following form:  
𝜏𝜏𝜏𝜏𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) = −𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑�̂�𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) − 𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝑦𝑦𝑦𝑦)𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑(�̂�𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) − 𝜂𝜂𝜂𝜂∗),
�̇�𝑥𝑥𝑥𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡) = 𝛼𝛼𝛼𝛼𝑥𝑥𝑥𝑥𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡) + 𝛽𝛽𝛽𝛽�̂�𝜂𝜂𝜂(𝑡𝑡𝑡𝑡),
𝜏𝜏𝜏𝜏𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡) = 𝛾𝛾𝛾𝛾𝑥𝑥𝑥𝑥𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡) + 𝜇𝜇𝜇𝜇�̂�𝜂𝜂𝜂(𝑡𝑡𝑡𝑡),
𝜏𝜏𝜏𝜏(𝑡𝑡𝑡𝑡) = 𝜏𝜏𝜏𝜏𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) + 𝜏𝜏𝜏𝜏𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡),

 (7) 

where 𝜏𝜏𝜏𝜏𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) is a part of control, which stabilised the desired 
equilibrium 𝜈𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) ≡ 0, 𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) ≡ 𝜂𝜂𝜂𝜂∗ for the closed-loop system (1), 
(7); 𝜏𝜏𝜏𝜏𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡) is a dynamical corrector output signal; 𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑 ∈ ℝ3×3, 
𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑 ∈ ℝ3×3 , 𝛼𝛼𝛼𝛼 ∈ ℝ𝑙𝑙𝑙𝑙×𝑙𝑙𝑙𝑙 , 𝛽𝛽𝛽𝛽 ∈ ℝ𝑙𝑙𝑙𝑙×3 , 𝛾𝛾𝛾𝛾 ∈ ℝ3×𝑙𝑙𝑙𝑙 , 𝜇𝜇𝜇𝜇 ∈ ℝ3×3  are 
constant matrices; the matrix 𝛼𝛼𝛼𝛼 is Hurwitz; 𝑥𝑥𝑥𝑥𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡) ∈ ℝ𝑙𝑙𝑙𝑙 is the 
state space vector of the corrector. 
Note that the dynamical corrector (7) can be rewritten in terms of 
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the transfer function by applying the Laplace operator ℒ{⋅} to 
(7):  
ℒ{𝜏𝜏𝜏𝜏𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡)} = 𝐹𝐹𝐹𝐹(𝑠𝑠𝑠𝑠)ℒ{�̂�𝜂𝜂𝜂(𝑡𝑡𝑡𝑡)},
𝐹𝐹𝐹𝐹(𝑠𝑠𝑠𝑠) = 𝛾𝛾𝛾𝛾(𝕀𝕀𝕀𝕀𝑙𝑙𝑙𝑙×𝑙𝑙𝑙𝑙𝑠𝑠𝑠𝑠 − 𝛼𝛼𝛼𝛼)−1𝛽𝛽𝛽𝛽 + 𝜇𝜇𝜇𝜇,

 (8) 

where 𝕀𝕀𝕀𝕀𝑙𝑙𝑙𝑙×𝑙𝑙𝑙𝑙 is the identity matrix with 𝑙𝑙𝑙𝑙 × 𝑙𝑙𝑙𝑙 dimension, 𝑠𝑠𝑠𝑠 ∈ ℂ1 
is a complex variable. 
In accordance with the paper [5], the positive definiteness of the 
symmetric matrices 𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑 and 𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑 guarantees that the equilibrium 
position 𝜈𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) ≡ 0, 𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) ≡ 𝜂𝜂𝜂𝜂∗ of the closed loop system (1), (7) 
with 𝜏𝜏𝜏𝜏(𝑡𝑡𝑡𝑡) = 𝜏𝜏𝜏𝜏𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) is global asymptotically stable (GAS) in the 
noise-free environment 𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) ≡ 0 and 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡) ≡ 0. 
At this point we have designed a GES observer and a GAS state 
feedback controller. In [1] it was proved that a separation principle 
holds for the overall system: the estimation, tracking error, and the 
correction dynamics can be decoupled yielding a cascaded system. 
The estimation, position error and the correction dynamics can be 
analysed separately. Therefore, if the corrector is asymptotically 
stable, then parts of the controller can be tuned independently. 
Let us obtain a requirement for the transfer matrix 𝐹𝐹𝐹𝐹(𝑠𝑠𝑠𝑠) of the 
dynamical corrector (7) that provides astatism property for the 
closed-loop system with respect to the position error vector 
𝜂𝜂𝜂𝜂�∗(𝑡𝑡𝑡𝑡): = 𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) − 𝜂𝜂𝜂𝜂∗ for any external disturbance with constant or 
slowly varying components, additionally supposing that 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡) ≡ 0. 
Suppose that the error equations for a constant external 
disturbance 𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) ≡ 𝑑𝑑𝑑𝑑0 ∈ ℝ3  
𝑀𝑀𝑀𝑀𝜈𝜈𝜈𝜈�̇(𝑡𝑡𝑡𝑡) = −𝐷𝐷𝐷𝐷𝜈𝜈𝜈𝜈�(𝑡𝑡𝑡𝑡) − 𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝑦𝑦𝑦𝑦)𝐾𝐾𝐾𝐾1𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡) + 𝑑𝑑𝑑𝑑0,
𝜂𝜂𝜂𝜂�̇(𝑡𝑡𝑡𝑡) = 𝑅𝑅𝑅𝑅(𝑦𝑦𝑦𝑦)𝜈𝜈𝜈𝜈�(𝑡𝑡𝑡𝑡) − 𝐾𝐾𝐾𝐾2𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡),

 (9) 

have an equilibrium point with the corresponding heading angle 
𝜓𝜓𝜓𝜓(𝑡𝑡𝑡𝑡) ≡ 𝜓𝜓𝜓𝜓0. 
Proposition 1 If the transfer matrix 𝐹𝐹𝐹𝐹(𝑠𝑠𝑠𝑠) satisfies the equality  
𝐹𝐹𝐹𝐹(0) = 𝐾𝐾𝐾𝐾Δ = −(𝐷𝐷𝐷𝐷 +𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑)𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝜓𝜓𝜓𝜓∗)𝐾𝐾𝐾𝐾2 − 𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝜓𝜓𝜓𝜓∗)(𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑 +𝐾𝐾𝐾𝐾1), (10) 
and if the following condition holds  

det �−𝐷𝐷𝐷𝐷 −𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝜓𝜓𝜓𝜓0)𝐾𝐾𝐾𝐾1
𝑅𝑅𝑅𝑅(𝜓𝜓𝜓𝜓0) −𝐾𝐾𝐾𝐾2

� ≠ 0, (11) 

where 𝜓𝜓𝜓𝜓0 is a value of the heading angle in the equilibrium point, 
then the system (5), (7) is astatic with respect to the position error 
vector 𝜂𝜂𝜂𝜂�∗(𝑡𝑡𝑡𝑡) = 𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) − 𝜂𝜂𝜂𝜂∗ for any 𝑑𝑑𝑑𝑑0 ∈ ℝ3 . 
Proof. Let us consider the equilibrium point equations from (9): 
0 = −𝐷𝐷𝐷𝐷𝜈𝜈𝜈𝜈�(𝑡𝑡𝑡𝑡) −𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝜓𝜓𝜓𝜓0)𝐾𝐾𝐾𝐾1𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡) + 𝑑𝑑𝑑𝑑0,
0 = 𝑅𝑅𝑅𝑅(𝜓𝜓𝜓𝜓0)𝜈𝜈𝜈𝜈�(𝑡𝑡𝑡𝑡) −𝐾𝐾𝐾𝐾2𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡).  (12) 

If the condition (11) holds, then the linear nonuniform system 
(12) has a unique solution (𝜈𝜈𝜈𝜈�0𝑇𝑇𝑇𝑇  𝜂𝜂𝜂𝜂�0𝑇𝑇𝑇𝑇)𝑇𝑇𝑇𝑇 relative to an unknown 
vector (𝜈𝜈𝜈𝜈�𝑇𝑇𝑇𝑇(𝑡𝑡𝑡𝑡)  𝜂𝜂𝜂𝜂�𝑇𝑇𝑇𝑇(𝑡𝑡𝑡𝑡))𝑇𝑇𝑇𝑇 . Substituting the equilibrium point 
(𝜈𝜈𝜈𝜈�0𝑇𝑇𝑇𝑇  𝜂𝜂𝜂𝜂�0𝑇𝑇𝑇𝑇)𝑇𝑇𝑇𝑇 to the controller equations (5), (7) yields  
0 = −𝐷𝐷𝐷𝐷�̂�𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) + 𝜏𝜏𝜏𝜏(𝑡𝑡𝑡𝑡) + 𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝜓𝜓𝜓𝜓0)𝐾𝐾𝐾𝐾1𝜂𝜂𝜂𝜂�0,
0 = 𝑅𝑅𝑅𝑅(𝜓𝜓𝜓𝜓0)�̂�𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) +𝐾𝐾𝐾𝐾2𝜂𝜂𝜂𝜂�0,
𝜏𝜏𝜏𝜏(𝑡𝑡𝑡𝑡) = −𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑�̂�𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) −𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝜓𝜓𝜓𝜓0)𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑(�̂�𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) − 𝜂𝜂𝜂𝜂∗) + 𝐹𝐹𝐹𝐹(0)𝜂𝜂𝜂𝜂�0,

 (13) 

where in the transfer function of the dynamical corrector 𝐹𝐹𝐹𝐹(𝑝𝑝𝑝𝑝) 
for the equilibrium position we assume 𝑝𝑝𝑝𝑝 = d

d𝑡𝑡𝑡𝑡
= 0. 

The matrix 𝐹𝐹𝐹𝐹(0) can be expressed explicitly from (13):  
𝐹𝐹𝐹𝐹(0) = −(𝐷𝐷𝐷𝐷 +𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑)𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝜓𝜓𝜓𝜓0)𝐾𝐾𝐾𝐾2 − 𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝜓𝜓𝜓𝜓0)(𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑 +𝐾𝐾𝐾𝐾1). (14) 
Substituting 𝜓𝜓𝜓𝜓0 = 𝜓𝜓𝜓𝜓∗ gives (10), which completes the proof.  
 
Remark 2 The simplest way to satisfy the requirement (10) is using 
a corrector with no dynamics, i.e. 𝐹𝐹𝐹𝐹(𝑠𝑠𝑠𝑠) ≡ 𝐾𝐾𝐾𝐾𝛥𝛥𝛥𝛥.  
The main purpose of the dynamical corrector 𝐹𝐹𝐹𝐹(𝑠𝑠𝑠𝑠) is to support 
an economical regime of motion that provides a filtering effect for 
some central frequency 𝜔𝜔𝜔𝜔0  of the wave spectrum 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡) =
𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔sin𝜔𝜔𝜔𝜔0𝑡𝑡𝑡𝑡 for the control signal driving a rudder actuator, where 

𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔 ∈ ℝ3 is the vector of magnitudes. For this case it is possible to 
define the intensity functional 𝐽𝐽𝐽𝐽(𝐹𝐹𝐹𝐹) = ||𝐴𝐴𝐴𝐴𝜏𝜏𝜏𝜏(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎 ,𝐹𝐹𝐹𝐹)||, (15) 
where 𝐴𝐴𝐴𝐴𝜏𝜏𝜏𝜏 ∈ ℝ3 is the vector of control actions magnitudes for 
the closed-loop system (1), (3) with the disturbance 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡). This 
vector corresponds to the time moment of the DP-process with 𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) =
𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎, when the heading angle has the value 𝜓𝜓𝜓𝜓(𝑡𝑡𝑡𝑡) = 𝜓𝜓𝜓𝜓𝑎𝑎𝑎𝑎. 
The filter transfer matrix 𝐹𝐹𝐹𝐹(𝑠𝑠𝑠𝑠) should satisfy the equality  
||𝐴𝐴𝐴𝐴𝜏𝜏𝜏𝜏(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎,𝐹𝐹𝐹𝐹)|| = 0. (16) 
Rewriting the system (5) with feedback control (7) for the new 
variables �̂�𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) and 𝜂𝜂𝜂𝜂�∗(𝑡𝑡𝑡𝑡) = �̂�𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) − 𝜂𝜂𝜂𝜂∗ gives 
�̇̂�𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) = −𝑀𝑀𝑀𝑀−1(𝐷𝐷𝐷𝐷 +𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑)�̂�𝜈𝜈𝜈(𝑡𝑡𝑡𝑡)−𝑀𝑀𝑀𝑀−1𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝜂𝜂𝜂𝜂)𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑𝜂𝜂𝜂𝜂�∗(𝑡𝑡𝑡𝑡) +  
+𝑀𝑀𝑀𝑀−1𝜏𝜏𝜏𝜏𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡) +𝑀𝑀𝑀𝑀−1𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝜂𝜂𝜂𝜂)𝐾𝐾𝐾𝐾1(𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡) + 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡)), 
𝜂𝜂𝜂𝜂�̇∗(𝑡𝑡𝑡𝑡) = 𝑅𝑅𝑅𝑅(𝜂𝜂𝜂𝜂)�̂�𝜈𝜈𝜈(𝑡𝑡𝑡𝑡) +𝐾𝐾𝐾𝐾2�𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡) + 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡)�+ 𝜏𝜏𝜏𝜏𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡), (17) 
𝜏𝜏𝜏𝜏(𝑡𝑡𝑡𝑡) = −𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑�̂�𝜈𝜈𝜈(𝑡𝑡𝑡𝑡)−𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝜂𝜂𝜂𝜂)𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑𝜂𝜂𝜂𝜂�∗(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹(𝑝𝑝𝑝𝑝)𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡), 
𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) = 𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) + 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡). 
 
The system (17) can be rewritten in matrix form  

� �̇̂�𝜈𝜈𝜈
(𝑡𝑡𝑡𝑡)

𝜂𝜂𝜂𝜂�̇∗(𝑡𝑡𝑡𝑡)
� = 𝐴𝐴𝐴𝐴(𝜂𝜂𝜂𝜂) � �̂�𝜈𝜈𝜈

(𝑡𝑡𝑡𝑡)
𝜂𝜂𝜂𝜂�∗(𝑡𝑡𝑡𝑡)�+ 𝐵𝐵𝐵𝐵(𝜂𝜂𝜂𝜂) �

𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡) + 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡)
𝜏𝜏𝜏𝜏𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡) � ,

𝜏𝜏𝜏𝜏(𝑡𝑡𝑡𝑡) = 𝐶𝐶𝐶𝐶(𝜂𝜂𝜂𝜂) � �̂�𝜈𝜈𝜈
(𝑡𝑡𝑡𝑡)

𝜂𝜂𝜂𝜂�∗(𝑡𝑡𝑡𝑡)�+ 𝐷𝐷𝐷𝐷(𝜂𝜂𝜂𝜂) �
𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡) + 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡)

𝜏𝜏𝜏𝜏𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡) � ,
 (18) 

where  

𝐴𝐴𝐴𝐴(𝜂𝜂𝜂𝜂) = �−𝑀𝑀𝑀𝑀
−1(𝐷𝐷𝐷𝐷 +𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑) −𝑀𝑀𝑀𝑀−1𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝜂𝜂𝜂𝜂)𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑

𝑅𝑅𝑅𝑅(𝜂𝜂𝜂𝜂) 𝕆𝕆𝕆𝕆3×3
�
6×6

,

𝐵𝐵𝐵𝐵(𝜂𝜂𝜂𝜂) = �−𝑀𝑀𝑀𝑀
−1𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝜂𝜂𝜂𝜂)𝐾𝐾𝐾𝐾1 𝑀𝑀𝑀𝑀−1

𝐾𝐾𝐾𝐾2 𝕆𝕆𝕆𝕆3×3
�
6×6

,

𝐶𝐶𝐶𝐶(𝜂𝜂𝜂𝜂) = �−𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑 −𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇(𝜂𝜂𝜂𝜂)𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑�3×6,

𝐷𝐷𝐷𝐷 = �𝕆𝕆𝕆𝕆3×3 𝕀𝕀𝕀𝕀3×3�
3×6

,

 (19) 

where 𝕆𝕆𝕆𝕆3×3 is the zero matrix with 3 × 3 dimension. 
Let us fix some value of the heading angle 𝜓𝜓𝜓𝜓 = 𝜓𝜓𝜓𝜓𝑎𝑎𝑎𝑎 and the 
corresponding state space vector 𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎 . Applying the Laplace 
operator to (18), we get the transfer function model  

ℒ𝜏𝜏𝜏𝜏(𝑡𝑡𝑡𝑡) = 𝑃𝑃𝑃𝑃(𝑠𝑠𝑠𝑠, 𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎) �
ℒ𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡) + 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡)
ℒ𝜏𝜏𝜏𝜏𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡) � ≡ 

≡ [𝑃𝑃𝑃𝑃1(𝑠𝑠𝑠𝑠,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎) 𝑃𝑃𝑃𝑃2(𝑠𝑠𝑠𝑠, 𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)] �
ℒ{𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡) + 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡)}
ℒ{𝜏𝜏𝜏𝜏𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡)} �, (20) 

𝑃𝑃𝑃𝑃(𝑠𝑠𝑠𝑠,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎) = 𝐶𝐶𝐶𝐶(𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)(𝕀𝕀𝕀𝕀6×6𝑠𝑠𝑠𝑠 − 𝐴𝐴𝐴𝐴(𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎))−1𝐵𝐵𝐵𝐵(𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎) +𝐷𝐷𝐷𝐷, 
 
where 𝑃𝑃𝑃𝑃(𝑠𝑠𝑠𝑠, 𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎) ∈ ℝ3×6 is a block matrix consisting of blocks 
𝑃𝑃𝑃𝑃1(𝑠𝑠𝑠𝑠, 𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎) ∈ ℝ3×3 and 𝑃𝑃𝑃𝑃2(𝑠𝑠𝑠𝑠, 𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎) ∈ ℝ3×3. 
Proposition 3 If the block 𝑃𝑃𝑃𝑃2(𝑠𝑠𝑠𝑠, 𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)  of the matrix 𝑃𝑃𝑃𝑃(𝑠𝑠𝑠𝑠, 𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎) 
satisfies the condition  
det𝑃𝑃𝑃𝑃2(𝑠𝑠𝑠𝑠, 𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎) ≠ 0, (21) 
then the transfer matrix 𝐹𝐹𝐹𝐹∗(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎) such that condition (16) is 
satisfied. 
Proof. From (8) and (20) we obtain  
ℒ{𝜏𝜏𝜏𝜏(𝑡𝑡𝑡𝑡)}     = (𝑃𝑃𝑃𝑃1(𝑠𝑠𝑠𝑠,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎) + 𝑃𝑃𝑃𝑃2(𝑠𝑠𝑠𝑠, 𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)𝐹𝐹𝐹𝐹(𝑠𝑠𝑠𝑠))ℒ{𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡) + 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡)}. (22) 
Choosing 𝐹𝐹𝐹𝐹(𝑠𝑠𝑠𝑠) as  
𝐹𝐹𝐹𝐹∗(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)  = −𝑃𝑃𝑃𝑃2−1(𝑗𝑗𝑗𝑗𝜔𝜔𝜔𝜔0, 𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)𝑃𝑃𝑃𝑃1(𝑗𝑗𝑗𝑗𝜔𝜔𝜔𝜔0, 𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎), (23) 
we get the filter tuned to the frequency 𝜔𝜔𝜔𝜔0 and the angle 𝜓𝜓𝜓𝜓𝑎𝑎𝑎𝑎 
under condition (21), which is the desired conclusion.  
 
Filter tuning procedure 

In this section we construct the transfer matrix 𝐹𝐹𝐹𝐹(𝑠𝑠𝑠𝑠) of the 
corrector, which satisfies the condition (23) and provides the 
stability and integral action with respect to disturbances, i.e.,  
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Современные 
информационные 
технологии 
и ИТ-образование

𝐹𝐹𝐹𝐹(0) = 𝐾𝐾𝐾𝐾Δ,    𝐹𝐹𝐹𝐹(𝑗𝑗𝑗𝑗𝜔𝜔𝜔𝜔0) = 𝐹𝐹𝐹𝐹∗(𝜔𝜔𝜔𝜔0, 𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎). (24) 
The equations (24) can be rewritten for vector components 
ℒ{𝜏𝜏𝜏𝜏2(𝑡𝑡𝑡𝑡)} separately  
𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖(0) = 𝐾𝐾𝐾𝐾Δ𝑖𝑖𝑖𝑖,    𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖(𝑗𝑗𝑗𝑗𝜔𝜔𝜔𝜔0) = 𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖∗(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎),    𝑖𝑖𝑖𝑖 = 1,3, (25) 
where  

𝐹𝐹𝐹𝐹(𝑠𝑠𝑠𝑠) = �
𝐹𝐹𝐹𝐹1(𝑠𝑠𝑠𝑠)
𝐹𝐹𝐹𝐹2(𝑠𝑠𝑠𝑠)
𝐹𝐹𝐹𝐹3(𝑠𝑠𝑠𝑠)

�,    𝐾𝐾𝐾𝐾Δ = �
𝐾𝐾𝐾𝐾Δ1
𝐾𝐾𝐾𝐾Δ2
𝐾𝐾𝐾𝐾Δ3

� ,    𝐹𝐹𝐹𝐹∗(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎) = �
𝐹𝐹𝐹𝐹1∗(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)
𝐹𝐹𝐹𝐹2∗(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)
𝐹𝐹𝐹𝐹3∗(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)

� . (26) 

Let us rewrite transfer function 𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖(𝑠𝑠𝑠𝑠) as  
𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖(𝑠𝑠𝑠𝑠) = 𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖(𝕀𝕀𝕀𝕀2×2𝑠𝑠𝑠𝑠 − 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖)−1𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖 + 𝜇𝜇𝜇𝜇𝑖𝑖𝑖𝑖 ,    𝑖𝑖𝑖𝑖 = 1,3, (27) 
where 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖 ∈ ℝ2×2 are Hurwitz matrices, 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖 ∈ ℝ2×3 , 𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖 ∈ ℝ1×2 , 
𝜇𝜇𝜇𝜇𝑖𝑖𝑖𝑖 ∈ ℝ1×3 are constant matrices, 𝑖𝑖𝑖𝑖 = 1,3. 
Taking into account (27) and (25), we obtain  
−𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖−1𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖 + 𝜇𝜇𝜇𝜇𝑖𝑖𝑖𝑖 = 𝐾𝐾𝐾𝐾Δ𝑖𝑖𝑖𝑖 ,
𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖(𝑗𝑗𝑗𝑗𝕀𝕀𝕀𝕀2×2𝜔𝜔𝜔𝜔0 − 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖)−1𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖 + 𝜇𝜇𝜇𝜇𝑖𝑖𝑖𝑖 = 𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖∗(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎),    𝑖𝑖𝑖𝑖 = 1,3.

 (28) 

Let us select any Hurwitz's matrices 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖 and matrices 𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖 so that 
the condition of full observability for (𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖,𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖) is satisfied at 𝑖𝑖𝑖𝑖 =
1,3. The system of matrix equations (28) are solving by equating 
real and imaginary parts:  
−𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖−1𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖 + 𝜇𝜇𝜇𝜇𝑖𝑖𝑖𝑖  = 𝐾𝐾𝐾𝐾Δ𝑖𝑖𝑖𝑖 ,
𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖Re{(𝑗𝑗𝑗𝑗𝕀𝕀𝕀𝕀2×2𝜔𝜔𝜔𝜔0 − 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖)−1}𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖 + 𝜇𝜇𝜇𝜇𝑖𝑖𝑖𝑖 = Re{𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖∗(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)},    𝑖𝑖𝑖𝑖 = 1,3.
𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖Im{(𝑗𝑗𝑗𝑗𝕀𝕀𝕀𝕀2×2𝜔𝜔𝜔𝜔0 − 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖)−1}𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖 = Im{𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖∗(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)}.

 (29) 

Subtracting the second expression from the first (29), we get  
𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖[Re{(𝑗𝑗𝑗𝑗𝕀𝕀𝕀𝕀2×2𝜔𝜔𝜔𝜔0 − 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖)−1} + 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖−1]𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖 = Re{𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖∗(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)}− 𝐾𝐾𝐾𝐾Δ𝑖𝑖𝑖𝑖,    𝑖𝑖𝑖𝑖 = 1,3,
𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖Im{(𝑗𝑗𝑗𝑗𝕀𝕀𝕀𝕀2×2𝜔𝜔𝜔𝜔0 − 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖)−1}𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖 = Im{𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖∗(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)}.
(30) 
The matrices 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖, 𝑖𝑖𝑖𝑖 = 1,3 are found from (30):  

𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎) = �𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖[Re{(𝑗𝑗𝑗𝑗𝕀𝕀𝕀𝕀2×2𝜔𝜔𝜔𝜔0 − 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖)−1} + 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖−1]
𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖Im{(𝑗𝑗𝑗𝑗𝕀𝕀𝕀𝕀2×2𝜔𝜔𝜔𝜔0 − 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖)−1}

�
−1

�
Re{𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖∗(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)}− 𝐾𝐾𝐾𝐾Δ𝑖𝑖𝑖𝑖
Im{𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖∗(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)} � , 

𝑖𝑖𝑖𝑖 = 1,3. (31) 
 
The matrices 𝜇𝜇𝜇𝜇𝑖𝑖𝑖𝑖, 𝑖𝑖𝑖𝑖 = 1,3 are expressed from (29):  
𝜇𝜇𝜇𝜇𝑖𝑖𝑖𝑖(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)     = 𝐾𝐾𝐾𝐾Δ𝑖𝑖𝑖𝑖 + 𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖−1𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎),    𝑖𝑖𝑖𝑖 = 1,3. (32) 
Finally, all the matrices 𝛼𝛼𝛼𝛼, 𝛽𝛽𝛽𝛽, 𝛾𝛾𝛾𝛾 and 𝜇𝜇𝜇𝜇 are obtained, which 
allows us to construct the optimal filtering corrector 𝐹𝐹𝐹𝐹(𝑠𝑠𝑠𝑠), 
adjusted to the frequency 𝜔𝜔𝜔𝜔0, in the following form:  

𝛼𝛼𝛼𝛼 = �
𝛼𝛼𝛼𝛼1 𝕆𝕆𝕆𝕆2×2 𝕆𝕆𝕆𝕆2×2
𝕆𝕆𝕆𝕆2×2 𝛼𝛼𝛼𝛼2 𝕆𝕆𝕆𝕆2×2
𝕆𝕆𝕆𝕆2×2 𝕆𝕆𝕆𝕆2×2 𝛼𝛼𝛼𝛼3

�
6×6

,    𝛽𝛽𝛽𝛽(𝜔𝜔𝜔𝜔0, 𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎) = �
𝛽𝛽𝛽𝛽1(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)
𝛽𝛽𝛽𝛽2(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)
𝛽𝛽𝛽𝛽3(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)

�

6×3

,

𝛾𝛾𝛾𝛾 = �
𝛾𝛾𝛾𝛾1 𝕆𝕆𝕆𝕆2×2 𝕆𝕆𝕆𝕆2×2
𝕆𝕆𝕆𝕆2×2 𝛾𝛾𝛾𝛾2 𝕆𝕆𝕆𝕆2×2
𝕆𝕆𝕆𝕆2×2 𝕆𝕆𝕆𝕆2×2 𝛾𝛾𝛾𝛾3

�
3×6

,    𝜇𝜇𝜇𝜇(𝜔𝜔𝜔𝜔0, 𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎) = �
𝜇𝜇𝜇𝜇1(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)
𝜇𝜇𝜇𝜇2(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)
𝜇𝜇𝜇𝜇3(𝜔𝜔𝜔𝜔0,𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎)

�

3×3

.

 (33) 

 
External disturbance frequency estimation 

In this section we find the frequency estimate 𝜔𝜔𝜔𝜔�0(𝑡𝑡𝑡𝑡) for external 
harmonic disturbance 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡) = 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔sin𝜔𝜔𝜔𝜔0𝑡𝑡𝑡𝑡  that provides 
exponential convergence of the error 𝜔𝜔𝜔𝜔�0(𝑡𝑡𝑡𝑡): = 𝜔𝜔𝜔𝜔0 −𝜔𝜔𝜔𝜔�0(𝑡𝑡𝑡𝑡) to 
zero and tune-up the dynamical corrector (7). 
Let us consider the difference between the output signal 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) =
𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) + 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡) of the model (1) and the estimate �̂�𝜂𝜂𝜂(𝑡𝑡𝑡𝑡), obtained 
from a non-linear observer (5) with DP controller (7):  
𝑦𝑦𝑦𝑦�(𝑡𝑡𝑡𝑡) ∶= 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) − �̂�𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) = 𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡) + 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡). (34) 
Due to globally exponentially convergence of the error 𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡) to 
zero, the signal 𝑦𝑦𝑦𝑦�(𝑡𝑡𝑡𝑡) has the following form:  
𝑦𝑦𝑦𝑦�(𝑡𝑡𝑡𝑡) = 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔sin𝜔𝜔𝜔𝜔0𝑡𝑡𝑡𝑡 + 𝜀𝜀𝜀𝜀(𝑡𝑡𝑡𝑡), (35) 
where 𝜀𝜀𝜀𝜀(𝑡𝑡𝑡𝑡) is the exponentially decaying function. 
 

Assumption 1. The lower and upper bounds on the signal 
frequency 𝜔𝜔𝜔𝜔0 are known and equal to 𝜔𝜔𝜔𝜔 and 𝜔𝜔𝜔𝜔, where  
0 < 𝜔𝜔𝜔𝜔 < 𝜔𝜔𝜔𝜔0 < 𝜔𝜔𝜔𝜔. (36) 
The assumption is not particularly restrictive. It is required that 
value of the frequency be distinct from zero and less than infinity. 
Nevertheless, bounds can be chosen to contain all possible values 
in each specific case. 
Neglecting the exponentially damped term, let us consider a signal 
𝑌𝑌𝑌𝑌(𝑡𝑡𝑡𝑡) = 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔sin𝜔𝜔𝜔𝜔0𝑡𝑡𝑡𝑡 and two auxiliary transport delay blocks with 
the following outputs  
𝑌𝑌𝑌𝑌1(𝑡𝑡𝑡𝑡) = �𝑌𝑌𝑌𝑌(𝑡𝑡𝑡𝑡 − ℎ), if 𝑡𝑡𝑡𝑡 ≥ ℎ,

0, if 𝑡𝑡𝑡𝑡 < ℎ,

𝑌𝑌𝑌𝑌2(𝑡𝑡𝑡𝑡) = �𝑌𝑌𝑌𝑌(𝑡𝑡𝑡𝑡 − 2ℎ), if 𝑡𝑡𝑡𝑡 ≥ 2ℎ,
0, if 𝑡𝑡𝑡𝑡 < 2ℎ,

 (37) 

where ℎ ∈ ℝ+ is the chosen delay constant. 
The signals (37) can be rewritten explicitly as  
𝑌𝑌𝑌𝑌1(𝑡𝑡𝑡𝑡)  = 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔𝑐𝑐𝑐𝑐1sin𝜔𝜔𝜔𝜔0𝑡𝑡𝑡𝑡 − 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔𝑠𝑠𝑠𝑠1cos𝜔𝜔𝜔𝜔0𝑡𝑡𝑡𝑡,
𝑌𝑌𝑌𝑌2(𝑡𝑡𝑡𝑡) = 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔𝑐𝑐𝑐𝑐2sin𝜔𝜔𝜔𝜔0𝑡𝑡𝑡𝑡 − 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔𝑠𝑠𝑠𝑠2cos𝜔𝜔𝜔𝜔0𝑡𝑡𝑡𝑡,

 (38) 

where  
𝑐𝑐𝑐𝑐1 = cos𝜔𝜔𝜔𝜔ℎ,    𝑐𝑐𝑐𝑐2 = cos2𝜔𝜔𝜔𝜔ℎ = 2𝑐𝑐𝑐𝑐12 − 1,
𝑠𝑠𝑠𝑠1 = sin𝜔𝜔𝜔𝜔ℎ,    𝑠𝑠𝑠𝑠2 = sin2𝜔𝜔𝜔𝜔ℎ = 2𝑐𝑐𝑐𝑐1𝑠𝑠𝑠𝑠1.  (39) 

Subtracting (38) from 𝑌𝑌𝑌𝑌(𝑡𝑡𝑡𝑡) multiplied by 𝑐𝑐𝑐𝑐1 we obtain  
𝑐𝑐𝑐𝑐1𝑌𝑌𝑌𝑌(𝑡𝑡𝑡𝑡) − 𝑌𝑌𝑌𝑌1(𝑡𝑡𝑡𝑡) = 𝑠𝑠𝑠𝑠1𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔cos𝜔𝜔𝜔𝜔0𝑡𝑡𝑡𝑡. (40) 
Similarly, subtracting 𝑌𝑌𝑌𝑌2(𝑡𝑡𝑡𝑡)  from 𝑌𝑌𝑌𝑌(𝑡𝑡𝑡𝑡)  multiplied by 𝑐𝑐𝑐𝑐2 =
2𝑐𝑐𝑐𝑐12 − 1 gives  
(2𝑐𝑐𝑐𝑐12 − 1)𝑌𝑌𝑌𝑌(𝑡𝑡𝑡𝑡) − 𝑌𝑌𝑌𝑌2(𝑡𝑡𝑡𝑡) = 2𝑐𝑐𝑐𝑐1𝑠𝑠𝑠𝑠1𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔cos𝜔𝜔𝜔𝜔0𝑡𝑡𝑡𝑡. (41) 
Subtracting (41) from (40), multiplying by 2𝑐𝑐𝑐𝑐1, we get  
𝑌𝑌𝑌𝑌(𝑡𝑡𝑡𝑡) + 𝑌𝑌𝑌𝑌2(𝑡𝑡𝑡𝑡) =     2𝑐𝑐𝑐𝑐1𝑌𝑌𝑌𝑌1(𝑡𝑡𝑡𝑡). (42) 
Equation (42) describes the linear regression model  
𝜓𝜓𝜓𝜓(𝑡𝑡𝑡𝑡) = 𝑐𝑐𝑐𝑐1𝜑𝜑𝜑𝜑(𝑡𝑡𝑡𝑡), (43) 
where 𝜓𝜓𝜓𝜓(𝑡𝑡𝑡𝑡) = 𝑌𝑌𝑌𝑌(𝑡𝑡𝑡𝑡) + 𝑌𝑌𝑌𝑌2(𝑡𝑡𝑡𝑡)  is the regressand, 𝑐𝑐𝑐𝑐1  is the 
unknown parameter, and 𝜑𝜑𝜑𝜑(𝑡𝑡𝑡𝑡) = 2𝑌𝑌𝑌𝑌1(𝑡𝑡𝑡𝑡) is the regressor. 
Parameter 𝑐𝑐𝑐𝑐1  can be estimated from equation (43) using 
standard gradient descent method [14]. 
 
Proposition 3  The estimation algorithm  
�̇̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡) = 𝐾𝐾𝐾𝐾𝜑𝜑𝜑𝜑(𝑡𝑡𝑡𝑡)�𝜓𝜓𝜓𝜓(𝑡𝑡𝑡𝑡) − �̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡)𝜑𝜑𝜑𝜑(𝑡𝑡𝑡𝑡)�, (44) 
where 𝐾𝐾𝐾𝐾 ∈ 𝑅𝑅𝑅𝑅+  is the chosen constant, provides exponential 
convergence of the estimation error to zero  
|𝑐𝑐𝑐𝑐1 − �̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡)| ≤ 𝑏𝑏𝑏𝑏1e−𝑎𝑎𝑎𝑎1𝑡𝑡𝑡𝑡 , (45) 
where 𝑏𝑏𝑏𝑏1 and 𝑎𝑎𝑎𝑎1 are positive constants.  
Proof. By [14], if the function 𝜑𝜑𝜑𝜑(𝑡𝑡𝑡𝑡) is bounded and persistently 
exciting (PE), i.e. there exist positive constants 𝑇𝑇𝑇𝑇 and 𝛾𝛾𝛾𝛾 such 
that  
∫𝑡𝑡𝑡𝑡+𝑇𝑇𝑇𝑇𝑡𝑡𝑡𝑡 𝜑𝜑𝜑𝜑2(𝜏𝜏𝜏𝜏)d𝜏𝜏𝜏𝜏 ≥ 𝛾𝛾𝛾𝛾,    ∀𝑡𝑡𝑡𝑡 > 0, (46) 
then algorithm (44) provides exponential convergence of the 
estimation error to zero. 
Signal 𝜑𝜑𝜑𝜑(𝑡𝑡𝑡𝑡) is the sum of sine and cosine functions multiplied by 
constant coefficients, so it is bounded. Let us show that signal 
𝜑𝜑𝜑𝜑(𝑡𝑡𝑡𝑡) is also PE. Consider the following integral  
 ∫𝑡𝑡𝑡𝑡+𝑇𝑇𝑇𝑇𝑡𝑡𝑡𝑡 𝜑𝜑𝜑𝜑2(𝑟𝑟𝑟𝑟)d𝑟𝑟𝑟𝑟 = 4∫𝑡𝑡𝑡𝑡+𝑇𝑇𝑇𝑇𝑡𝑡𝑡𝑡 𝑌𝑌𝑌𝑌12(𝑟𝑟𝑟𝑟)d𝑟𝑟𝑟𝑟 = 4𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔2 ∫

𝑡𝑡𝑡𝑡+𝑇𝑇𝑇𝑇
𝑡𝑡𝑡𝑡 sin2(𝜔𝜔𝜔𝜔0𝑟𝑟𝑟𝑟 − 𝜔𝜔𝜔𝜔0ℎ)d𝑟𝑟𝑟𝑟 =

= 2𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔2 ∫
𝑡𝑡𝑡𝑡+𝑇𝑇𝑇𝑇
𝑡𝑡𝑡𝑡 1 − cos(2𝜔𝜔𝜔𝜔0𝑟𝑟𝑟𝑟 − 2𝜔𝜔𝜔𝜔0ℎ)d𝑟𝑟𝑟𝑟 =                                           (47)

 = 2𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔2 ∫
𝑡𝑡𝑡𝑡+𝑇𝑇𝑇𝑇
𝑡𝑡𝑡𝑡 d𝑟𝑟𝑟𝑟 − 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔2

𝜔𝜔𝜔𝜔0
∫2𝜔𝜔𝜔𝜔0(𝑡𝑡𝑡𝑡+𝑇𝑇𝑇𝑇)−2𝜔𝜔𝜔𝜔0ℎ
2𝜔𝜔𝜔𝜔0𝑡𝑡𝑡𝑡−2𝜔𝜔𝜔𝜔ℎ

cos(�̅�𝑟𝑟𝑟)d�̅�𝑟𝑟𝑟 =    

 = 2𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔2 𝑇𝑇𝑇𝑇 + 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔2

𝜔𝜔𝜔𝜔0
sin(2𝜔𝜔𝜔𝜔0𝑡𝑡𝑡𝑡 − 2𝜔𝜔𝜔𝜔0ℎ)− 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔2

𝜔𝜔𝜔𝜔
sin(2𝜔𝜔𝜔𝜔0(𝑡𝑡𝑡𝑡+ 𝑇𝑇𝑇𝑇) − 2𝜔𝜔𝜔𝜔0ℎ).  

    

 

If 𝑇𝑇𝑇𝑇 = 𝜋𝜋𝜋𝜋/𝜔𝜔𝜔𝜔0 and 𝜔𝜔𝜔𝜔 ≥ 𝜔𝜔𝜔𝜔, then  
∫𝑡𝑡𝑡𝑡+𝑇𝑇𝑇𝑇𝑡𝑡𝑡𝑡 𝜑𝜑𝜑𝜑2(𝑟𝑟𝑟𝑟)d𝑟𝑟𝑟𝑟 ≥ 2𝜋𝜋𝜋𝜋𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔2

𝜔𝜔𝜔𝜔
> 0,    ∀𝑡𝑡𝑡𝑡 > 0. (48) 

 

Equation (48) shows that PE condition (46) is satisfied with 𝛾𝛾𝛾𝛾 =
2𝜋𝜋𝜋𝜋𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔2

𝜔𝜔𝜔𝜔
, 𝑇𝑇𝑇𝑇 = 𝜋𝜋𝜋𝜋

𝜔𝜔𝜔𝜔0
, and the proof is complete.  

We can obtain the frequency estimate 𝜔𝜔𝜔𝜔0(𝑡𝑡𝑡𝑡) from �̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡):  
𝜔𝜔𝜔𝜔�(𝑡𝑡𝑡𝑡) = 1

ℎ
arccos(�̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡)). (49) 

Since the domain of the function (49) is the subset of ℝ, it is 
necessary to put some restrictions on �̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡). Under Assumption 1, 
the possible values of 𝑐𝑐𝑐𝑐1 satisfy the inequality  
cos𝜔𝜔𝜔𝜔ℎ ≤ 𝑐𝑐𝑐𝑐1 ≤ cos𝜔𝜔𝜔𝜔ℎ. (50) 
To provide this property to �̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡), we can use gradient algorithm 
with projection [14]  

    �̇̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡) =

⎩
⎨

⎧
𝜍𝜍𝜍𝜍(𝑡𝑡𝑡𝑡), 𝑖𝑖𝑖𝑖𝑓𝑓𝑓𝑓 𝑐𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡) > cos𝜔𝜔𝜔𝜔ℎ 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑐𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡) < cos𝜔𝜔𝜔𝜔ℎ,

𝑜𝑜𝑜𝑜𝑟𝑟𝑟𝑟 𝑖𝑖𝑖𝑖𝑓𝑓𝑓𝑓 𝑐𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡) = cos𝜔𝜔𝜔𝜔ℎ 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝜍𝜍𝜍𝜍(𝑡𝑡𝑡𝑡) ≥ 0,
𝑜𝑜𝑜𝑜𝑟𝑟𝑟𝑟 𝑖𝑖𝑖𝑖𝑓𝑓𝑓𝑓 𝑐𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡) = cos𝜔𝜔𝜔𝜔ℎ 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝜍𝜍𝜍𝜍(𝑡𝑡𝑡𝑡) ≤ 0,

0, 𝑜𝑜𝑜𝑜𝑡𝑡𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒𝑒𝑒,
    𝜍𝜍𝜍𝜍(𝑡𝑡𝑡𝑡) = 𝐾𝐾𝐾𝐾𝜑𝜑𝜑𝜑(𝑡𝑡𝑡𝑡)�𝜓𝜓𝜓𝜓(𝑡𝑡𝑡𝑡)− �̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡)𝜑𝜑𝜑𝜑(𝑡𝑡𝑡𝑡)�.

 (51) 

which retains all properties that are established in the absence of 
projection. 
From Proposition 3 follows that �̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡) converges exponentially 
to 𝑐𝑐𝑐𝑐1. However, for 𝜔𝜔𝜔𝜔�0(𝑡𝑡𝑡𝑡) this is not obvious.   
 
Proposition 4 If �̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡) converges to 𝑐𝑐𝑐𝑐1 exponentially fast, then 
𝜔𝜔𝜔𝜔�0(𝑡𝑡𝑡𝑡) converges exponentially to zero and objective  
|𝜔𝜔𝜔𝜔0 −𝜔𝜔𝜔𝜔�0(𝑡𝑡𝑡𝑡)| ≤ 𝑏𝑏𝑏𝑏2e−𝑎𝑎𝑎𝑎2𝑡𝑡𝑡𝑡 ,    𝑎𝑎𝑎𝑎2, 𝑏𝑏𝑏𝑏2 ∈ ℝ+ (52) 
is fulfilled. 
Proof. The arccosine function on �cos𝜔𝜔𝜔𝜔ℎ, cos𝜔𝜔𝜔𝜔ℎ� is Lipschitz [15]  
|arccos(𝑥𝑥𝑥𝑥1)− arccos(𝑥𝑥𝑥𝑥2)| ≤ 𝐿𝐿𝐿𝐿|𝑥𝑥𝑥𝑥1 − 𝑥𝑥𝑥𝑥2|, (53) 
where Lipschitz constant 𝐿𝐿𝐿𝐿 can be calculated as follows  
𝐿𝐿𝐿𝐿 = 1

�sin2𝜔𝜔𝜔𝜔
. (54) 

Combining (49), (45) and (53) gives  
|𝜔𝜔𝜔𝜔�0(𝑡𝑡𝑡𝑡)| ≤ 𝐿𝐿𝐿𝐿|𝑐𝑐𝑐𝑐1 − �̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡)| ≤ 𝑏𝑏𝑏𝑏2𝑒𝑒𝑒𝑒−𝑎𝑎𝑎𝑎2𝑡𝑡𝑡𝑡 , (55) 
where 𝑏𝑏𝑏𝑏2 = 𝐿𝐿𝐿𝐿𝑏𝑏𝑏𝑏1, 𝑎𝑎𝑎𝑎2 = 𝑎𝑎𝑎𝑎1, which is the desired conclusion.  
For linear approximation of the system (1), (3), the global 
asymptotic convergence of the desired equilibrium position 𝜂𝜂𝜂𝜂∗ is 
preserved using the obtained frequency estimate 𝜔𝜔𝜔𝜔�0(𝑡𝑡𝑡𝑡). 
 
Simulation results 

In this section, we present the simulation results that illustrate the 
efficacy of the proposed DP control low wits the dynamical 
corrector. All simulations have been performed in MATLAB 
Simulink. 
Consider the DP-control system for the vessel 'Northern Clipper' 
(the length is 𝐿𝐿𝐿𝐿 = 76.2 m and mass is 𝑚𝑚𝑚𝑚 = 4.59 ⋅ 106 kg) with 
the model (1), taken from [3]. The constant matrices in the 
equation (1) are the following:  

𝑀𝑀𝑀𝑀 = �
5.31 ⋅ 106 0 0
0 8.28 ⋅ 106 0
0 0 3.75 ⋅ 109

�,     

𝐷𝐷𝐷𝐷 = �
5.02 ⋅ 104 0 0
0 2.72 ⋅ 105 −4.39 ⋅ 106
0 −4.39 ⋅ 106 4.19 ⋅ 108

� . 

The matrices 𝐾𝐾𝐾𝐾1 and 𝐾𝐾𝐾𝐾2 of the observer (5), and the matrices 
𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑 and 𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑 of the controller (7) is chosen in accordance with [3]  

𝐾𝐾𝐾𝐾1 = �
0.1 0 0
0 0.1 0
0 0 0.01

� ,    𝐾𝐾𝐾𝐾2 = �
1.1 0 0
0 1.1 0
0 0 1.1

� ,

𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑 = �
0.0207 0 0
0 0.0155 0.0439
0 0.0439 4.05

� ⋅ 108,   
 

𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑 = �
0.0213 0 0
0 0.00990 0
0 0 4.49

� ⋅ 107. 

Let us choose the Hurwitz matrices 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖, for 𝑖𝑖𝑖𝑖 = 1,3 with the 
eigenvalues 𝑖𝑖𝑖𝑖11 = −0.150, 𝑖𝑖𝑖𝑖12 = −0.152, 𝑖𝑖𝑖𝑖21 = −0.120, 𝑖𝑖𝑖𝑖22 =
−0.128, 𝑖𝑖𝑖𝑖31 = −0.178, 𝑖𝑖𝑖𝑖32 = −0.180 and the matrices 𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖, 𝑖𝑖𝑖𝑖 =
1,3 for the parts (27) of dynamical corrector (7) so that the 
condition of full observability for (𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖,𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖), 𝑖𝑖𝑖𝑖 = 1,3 is satisfied  
𝛼𝛼𝛼𝛼1 = �0 1

−0.0228 −0.302�,    𝛼𝛼𝛼𝛼2 = �0 1
−0.0154 −0.0248�,    

𝛼𝛼𝛼𝛼3 = �0 1
−0.0320 −0.358� ,

𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖 = [0 1],    𝑖𝑖𝑖𝑖 = 1,3.
 

Desired position and control mode 
switching 

The desired position vector is equal to  

𝜂𝜂𝜂𝜂∗ = [𝑥𝑥𝑥𝑥∗ 𝑦𝑦𝑦𝑦∗ 𝜓𝜓𝜓𝜓∗]𝑇𝑇𝑇𝑇 = �
[10 20 30]𝑇𝑇𝑇𝑇, 𝑖𝑖𝑖𝑖𝑓𝑓𝑓𝑓 𝑡𝑡𝑡𝑡 < 500 𝑖𝑖𝑖𝑖,
[30 30 15]𝑇𝑇𝑇𝑇, 𝑖𝑖𝑖𝑖𝑓𝑓𝑓𝑓 𝑡𝑡𝑡𝑡 ≥ 500 𝑖𝑖𝑖𝑖,

  𝑖𝑖𝑖𝑖 = 1,3.

 (56) 
 
To illustrate that the controller (7) provides the desired features 
to the closed-loop system, we use a wave disturbance 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡) =
[𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔1(𝑡𝑡𝑡𝑡) 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔2(𝑡𝑡𝑡𝑡) 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔3(𝑡𝑡𝑡𝑡)]𝑇𝑇𝑇𝑇  of the ship with harmonic 
components  
𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) = 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔𝑖𝑖𝑖𝑖sin𝜔𝜔𝜔𝜔0𝑡𝑡𝑡𝑡,    𝑖𝑖𝑖𝑖 = 1,3, (57) 
where 𝜔𝜔𝜔𝜔0 = 0.455 , 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔1 = 3 ⋅ 106 , 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔2 = 3 ⋅ 106 , 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔3 = 20 ⋅
106. Filtering action to the control is shown by comparison with 
the astatic corrector of the form  
𝜏𝜏𝜏𝜏2(𝑡𝑡𝑡𝑡) = 𝐾𝐾𝐾𝐾Δ[𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡) + 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡)], (58) 
which works until 200th second. The controller (7), (58) 
provides an integral feature, but loses the filtering one. At time 
𝑡𝑡𝑡𝑡 = 200 s, which is marked in figures 1–3 by the black dashed 
line, we turn on the dynamical corrector (7) instead of (58) and 
observe a desired effect of filtering. The signal 𝜏𝜏𝜏𝜏(𝑡𝑡𝑡𝑡)  with 
components 𝜏𝜏𝜏𝜏𝑖𝑖𝑖𝑖, 𝑖𝑖𝑖𝑖 = 1,3 are shown in the Figure 1. The control 
signals is essentially different for control mode (58) and (7). 
In Figure 2 the frequency estimate is depicted. The estimate 
𝜔𝜔𝜔𝜔�0(𝑡𝑡𝑡𝑡) is exponentially converges to the true value 𝜔𝜔𝜔𝜔0. 
Figure 3 shows the results of the vessel motion simulation for the 
considered closed-loop DP system.  
 

F i g. 1. Control action components 
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Equation (48) shows that PE condition (46) is satisfied with 𝛾𝛾𝛾𝛾 =
2𝜋𝜋𝜋𝜋𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔2

𝜔𝜔𝜔𝜔
, 𝑇𝑇𝑇𝑇 = 𝜋𝜋𝜋𝜋

𝜔𝜔𝜔𝜔0
, and the proof is complete.  

We can obtain the frequency estimate 𝜔𝜔𝜔𝜔0(𝑡𝑡𝑡𝑡) from �̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡):  
𝜔𝜔𝜔𝜔�(𝑡𝑡𝑡𝑡) = 1

ℎ
arccos(�̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡)). (49) 

Since the domain of the function (49) is the subset of ℝ, it is 
necessary to put some restrictions on �̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡). Under Assumption 1, 
the possible values of 𝑐𝑐𝑐𝑐1 satisfy the inequality  
cos𝜔𝜔𝜔𝜔ℎ ≤ 𝑐𝑐𝑐𝑐1 ≤ cos𝜔𝜔𝜔𝜔ℎ. (50) 
To provide this property to �̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡), we can use gradient algorithm 
with projection [14]  

    �̇̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡) =

⎩
⎨

⎧
𝜍𝜍𝜍𝜍(𝑡𝑡𝑡𝑡), 𝑖𝑖𝑖𝑖𝑓𝑓𝑓𝑓 𝑐𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡) > cos𝜔𝜔𝜔𝜔ℎ 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑐𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡) < cos𝜔𝜔𝜔𝜔ℎ,

𝑜𝑜𝑜𝑜𝑟𝑟𝑟𝑟 𝑖𝑖𝑖𝑖𝑓𝑓𝑓𝑓 𝑐𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡) = cos𝜔𝜔𝜔𝜔ℎ 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝜍𝜍𝜍𝜍(𝑡𝑡𝑡𝑡) ≥ 0,
𝑜𝑜𝑜𝑜𝑟𝑟𝑟𝑟 𝑖𝑖𝑖𝑖𝑓𝑓𝑓𝑓 𝑐𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡) = cos𝜔𝜔𝜔𝜔ℎ 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝜍𝜍𝜍𝜍(𝑡𝑡𝑡𝑡) ≤ 0,

0, 𝑜𝑜𝑜𝑜𝑡𝑡𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒𝑒𝑒,
    𝜍𝜍𝜍𝜍(𝑡𝑡𝑡𝑡) = 𝐾𝐾𝐾𝐾𝜑𝜑𝜑𝜑(𝑡𝑡𝑡𝑡)�𝜓𝜓𝜓𝜓(𝑡𝑡𝑡𝑡)− �̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡)𝜑𝜑𝜑𝜑(𝑡𝑡𝑡𝑡)�.

 (51) 

which retains all properties that are established in the absence of 
projection. 
From Proposition 3 follows that �̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡) converges exponentially 
to 𝑐𝑐𝑐𝑐1. However, for 𝜔𝜔𝜔𝜔�0(𝑡𝑡𝑡𝑡) this is not obvious.   
 
Proposition 4 If �̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡) converges to 𝑐𝑐𝑐𝑐1 exponentially fast, then 
𝜔𝜔𝜔𝜔�0(𝑡𝑡𝑡𝑡) converges exponentially to zero and objective  
|𝜔𝜔𝜔𝜔0 −𝜔𝜔𝜔𝜔�0(𝑡𝑡𝑡𝑡)| ≤ 𝑏𝑏𝑏𝑏2e−𝑎𝑎𝑎𝑎2𝑡𝑡𝑡𝑡 ,    𝑎𝑎𝑎𝑎2, 𝑏𝑏𝑏𝑏2 ∈ ℝ+ (52) 
is fulfilled. 
Proof. The arccosine function on �cos𝜔𝜔𝜔𝜔ℎ, cos𝜔𝜔𝜔𝜔ℎ� is Lipschitz [15]  
|arccos(𝑥𝑥𝑥𝑥1)− arccos(𝑥𝑥𝑥𝑥2)| ≤ 𝐿𝐿𝐿𝐿|𝑥𝑥𝑥𝑥1 − 𝑥𝑥𝑥𝑥2|, (53) 
where Lipschitz constant 𝐿𝐿𝐿𝐿 can be calculated as follows  
𝐿𝐿𝐿𝐿 = 1

�sin2𝜔𝜔𝜔𝜔
. (54) 

Combining (49), (45) and (53) gives  
|𝜔𝜔𝜔𝜔�0(𝑡𝑡𝑡𝑡)| ≤ 𝐿𝐿𝐿𝐿|𝑐𝑐𝑐𝑐1 − �̂�𝑐𝑐𝑐1(𝑡𝑡𝑡𝑡)| ≤ 𝑏𝑏𝑏𝑏2𝑒𝑒𝑒𝑒−𝑎𝑎𝑎𝑎2𝑡𝑡𝑡𝑡 , (55) 
where 𝑏𝑏𝑏𝑏2 = 𝐿𝐿𝐿𝐿𝑏𝑏𝑏𝑏1, 𝑎𝑎𝑎𝑎2 = 𝑎𝑎𝑎𝑎1, which is the desired conclusion.  
For linear approximation of the system (1), (3), the global 
asymptotic convergence of the desired equilibrium position 𝜂𝜂𝜂𝜂∗ is 
preserved using the obtained frequency estimate 𝜔𝜔𝜔𝜔�0(𝑡𝑡𝑡𝑡). 
 
Simulation results 

In this section, we present the simulation results that illustrate the 
efficacy of the proposed DP control low wits the dynamical 
corrector. All simulations have been performed in MATLAB 
Simulink. 
Consider the DP-control system for the vessel 'Northern Clipper' 
(the length is 𝐿𝐿𝐿𝐿 = 76.2 m and mass is 𝑚𝑚𝑚𝑚 = 4.59 ⋅ 106 kg) with 
the model (1), taken from [3]. The constant matrices in the 
equation (1) are the following:  

𝑀𝑀𝑀𝑀 = �
5.31 ⋅ 106 0 0
0 8.28 ⋅ 106 0
0 0 3.75 ⋅ 109

�,     

𝐷𝐷𝐷𝐷 = �
5.02 ⋅ 104 0 0
0 2.72 ⋅ 105 −4.39 ⋅ 106
0 −4.39 ⋅ 106 4.19 ⋅ 108

� . 

The matrices 𝐾𝐾𝐾𝐾1 and 𝐾𝐾𝐾𝐾2 of the observer (5), and the matrices 
𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑 and 𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑 of the controller (7) is chosen in accordance with [3]  

𝐾𝐾𝐾𝐾1 = �
0.1 0 0
0 0.1 0
0 0 0.01

� ,    𝐾𝐾𝐾𝐾2 = �
1.1 0 0
0 1.1 0
0 0 1.1

� ,

𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑 = �
0.0207 0 0
0 0.0155 0.0439
0 0.0439 4.05

� ⋅ 108,   
 

𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑 = �
0.0213 0 0
0 0.00990 0
0 0 4.49

� ⋅ 107. 

Let us choose the Hurwitz matrices 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖, for 𝑖𝑖𝑖𝑖 = 1,3 with the 
eigenvalues 𝑖𝑖𝑖𝑖11 = −0.150, 𝑖𝑖𝑖𝑖12 = −0.152, 𝑖𝑖𝑖𝑖21 = −0.120, 𝑖𝑖𝑖𝑖22 =
−0.128, 𝑖𝑖𝑖𝑖31 = −0.178, 𝑖𝑖𝑖𝑖32 = −0.180 and the matrices 𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖, 𝑖𝑖𝑖𝑖 =
1,3 for the parts (27) of dynamical corrector (7) so that the 
condition of full observability for (𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖,𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖), 𝑖𝑖𝑖𝑖 = 1,3 is satisfied  
𝛼𝛼𝛼𝛼1 = �0 1

−0.0228 −0.302�,    𝛼𝛼𝛼𝛼2 = �0 1
−0.0154 −0.0248�,    

𝛼𝛼𝛼𝛼3 = �0 1
−0.0320 −0.358� ,

𝛾𝛾𝛾𝛾𝑖𝑖𝑖𝑖 = [0 1],    𝑖𝑖𝑖𝑖 = 1,3.
 

Desired position and control mode 
switching 

The desired position vector is equal to  

𝜂𝜂𝜂𝜂∗ = [𝑥𝑥𝑥𝑥∗ 𝑦𝑦𝑦𝑦∗ 𝜓𝜓𝜓𝜓∗]𝑇𝑇𝑇𝑇 = �
[10 20 30]𝑇𝑇𝑇𝑇, 𝑖𝑖𝑖𝑖𝑓𝑓𝑓𝑓 𝑡𝑡𝑡𝑡 < 500 𝑖𝑖𝑖𝑖,
[30 30 15]𝑇𝑇𝑇𝑇, 𝑖𝑖𝑖𝑖𝑓𝑓𝑓𝑓 𝑡𝑡𝑡𝑡 ≥ 500 𝑖𝑖𝑖𝑖,

  𝑖𝑖𝑖𝑖 = 1,3.

 (56) 
 
To illustrate that the controller (7) provides the desired features 
to the closed-loop system, we use a wave disturbance 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡) =
[𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔1(𝑡𝑡𝑡𝑡) 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔2(𝑡𝑡𝑡𝑡) 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔3(𝑡𝑡𝑡𝑡)]𝑇𝑇𝑇𝑇  of the ship with harmonic 
components  
𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) = 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔𝑖𝑖𝑖𝑖sin𝜔𝜔𝜔𝜔0𝑡𝑡𝑡𝑡,    𝑖𝑖𝑖𝑖 = 1,3, (57) 
where 𝜔𝜔𝜔𝜔0 = 0.455 , 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔1 = 3 ⋅ 106 , 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔2 = 3 ⋅ 106 , 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔3 = 20 ⋅
106. Filtering action to the control is shown by comparison with 
the astatic corrector of the form  
𝜏𝜏𝜏𝜏2(𝑡𝑡𝑡𝑡) = 𝐾𝐾𝐾𝐾Δ[𝜂𝜂𝜂𝜂�(𝑡𝑡𝑡𝑡) + 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡)], (58) 
which works until 200th second. The controller (7), (58) 
provides an integral feature, but loses the filtering one. At time 
𝑡𝑡𝑡𝑡 = 200 s, which is marked in figures 1–3 by the black dashed 
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F i g. 1. Control action components 
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(b) Y coordinate 

 
(c) The heading angle 

F i g. 3. State vector components 

External disturbance frequency changing  

Let us consider the simulation results for the case with external 
disturbance frequency changing and presence of additive noise:  

𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) = �𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔𝑖𝑖𝑖𝑖sin𝜔𝜔𝜔𝜔0𝑡𝑡𝑡𝑡+ 𝛿𝛿𝛿𝛿𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡), if 𝑡𝑡𝑡𝑡 < 300 𝑠𝑠𝑠𝑠,
𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔𝑖𝑖𝑖𝑖sin𝜔𝜔𝜔𝜔1𝑡𝑡𝑡𝑡 + 𝛿𝛿𝛿𝛿𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡), if 𝑡𝑡𝑡𝑡 𝑡 300 𝑠𝑠𝑠𝑠,    𝑖𝑖𝑖𝑖 = 1,3, (59) 

where 𝜔𝜔𝜔𝜔0 = 0.455,  𝜔𝜔𝜔𝜔1 = 0.3,  𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔1 = 3 ⋅ 106,  𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔𝜔 = 5 ⋅ 106, 
𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔𝜔 = 20 ⋅ 106,  the additive noise 𝛿𝛿𝛿𝛿(𝑡𝑡𝑡𝑡) =
[𝛿𝛿𝛿𝛿1(𝑡𝑡𝑡𝑡) 𝛿𝛿𝛿𝛿𝜔(𝑡𝑡𝑡𝑡) 𝛿𝛿𝛿𝛿𝜔(𝑡𝑡𝑡𝑡)]𝑇𝑇𝑇𝑇, which components are simulated as a 
uniformly distributed process ranging within [−0.2 ⋅ 𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔𝑖𝑖𝑖𝑖 , 0.2 ⋅
𝐴𝐴𝐴𝐴𝜔𝜔𝜔𝜔𝑖𝑖𝑖𝑖], 𝑖𝑖𝑖𝑖 = 1,3. The components of the signal 𝜂𝜂𝜂𝜂𝜔𝜔𝜔𝜔(𝑡𝑡𝑡𝑡) are shown in 
Figure 4. Frequency change time 𝑡𝑡𝑡𝑡 = 300s is marked on Figures 
4–7 by the black dashed line. 
The output signal 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) of the model (1), the estimate 𝜂𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡), 
obtained from a non-linear observer (5) which are closed by the 
DP controller (7) and its difference 𝑦𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) (35) are depicted in 
Figure5.  

 
F i g. 4. External disturbance components 

 
F i g. 5. The output signal 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡), the estimate 𝜂𝜂𝜂𝜂𝜂(𝑡𝑡𝑡𝑡) and its discrepancy 𝑦𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) 

 
 
In Figure 6 the frequency estimate is depicted. Figure 7 shows the 
control actions 𝜏𝜏𝜏𝜏1(𝑡𝑡𝑡𝑡) , 𝜏𝜏𝜏𝜏𝜔(𝑡𝑡𝑡𝑡) , and 𝜏𝜏𝜏𝜏𝜔(𝑡𝑡𝑡𝑡)  for the mentioned 
process. In this case, we obtain almost the same curves as in 
Figure 3, which presents the positioning processes. 
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Conclusions

The problem of dynamic ship positioning under the action of sea 
wave disturbances for nonlinear vessel model was considered. The 
approach proposes the specialised structure of nonlinear DP-con-
trol law, and filtering corrector synthesis method, which is oriented 
to onboard implementation.
To estimate the external disturbance main frequency, we obtain the 
first-order regression model. The standard gradient approach is used 
to estimate the regression model parameter value. It is shown that the 
frequency estimation error converges to zero exponentially fast. The 
set of simulations illustrates the efficacy of the proposed approach.
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