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Abstract

We consider the conservative averaging method for solving the 3-D boundary-value problem of second
order in multilayer domain. Looking back to the history of mathematics, integral parabolic splines re-
lates to conservative averaging method (CAM) introduced by A. Kneser in 1914. In 1980’s, A. Buikis had
developed CAM method for partial differential equations with discontinuous coefficients, when he was
modelling processes in environments with a layered structure. The special hyperbolic and exponential
type splines, with middle integral values of piecewise smooth function interpolation, are considered.
Using these type splines, the problems of mathematical physics in 3-D with piecewise coefficients are
reduced to 2-D problems with respect to one coordinate. This procedure also allows reducing the 2-D
problems to 1-D problems and the solution of the approximated problems can be obtained analytically.
In the case of constant piecewise coefficients, we obtain the exact discrete approximation of a steady-
state 1-D boundary-value problem. Similarly, the approximation of the 3-D nonstationary problem is
obtained with CAM. The numerical solution is compared with the analytical solution.
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AHHOTanUs

B cTaThe paccMaTpuBaeTCs KOHCEpPBATUBHBIN MeTO/| yCpeIHEHHUS [JIJIsl pellleHNs] TPeXMepHOU Kpae-
BOH 3a/la4M BTOPOTO MOPSAAKA B MHOTOC/JI0MHOM 06s1acTy. Or/isiAbIBasCch Ha3a/, Ha UCTOPHIO MaTeMaTH-
KM, Mbl BUIUM, UYTO UHTErpasibHble apabo/iMdyeckue CIIaiiHbl OTHOCATCSA K KOHCEPBAaTHUBHOMY METO-
ny ycpennenusi (CAM), BBeenHoMy A. KHesepom B 1914 rogy. B 1980-x rogax A. Byiikuc pazpa6oTan
meToz CAM /1 ypaBHEHUH B 4aCTHBIX NPOU3BOJHBIX C pa3pbIBHBIMU K03QULMEeHTaMH, KOrjja OH
MO/ieJIMpOoBaJl MMPOLECCHI B CPefiaX Co CJIOMCTOM CTPYKTYypoi. PaccMaTpuBaloTcs cneraibHble CIIai-
HbI TUNEeP60JIUYECKOr0 U 3KCIOHEHLUAJBHOI0 TUIOB CO CPeJHUMHU MHTerpajbHbIMU 3HAUeHUAMU
WHTEPNOJIALUN KYCOYHO-TJTaAKON GYHKIMU. Mcriosib3ys crijlaliHbI TAKOTO THUMA, 334y MaTeMaTHye-
CKOM GU3MKH B TPEXMEPHOM ITPOCTPAHCTBE C KYCOYHBIMU KO3 PUILMEHTaMH CBOJATCA K JJBYMEPHbIM
3a/jlayaM OTHOCHUTEJIbHO OJHOM KOOpAMHATHI. JTa Npolejypa TaKXe N03BoJIseT CBECTH JIByMepHble
3a/lauM K OJJHOMEpPHbIM 33/layaM, U pellleHHe allpPOKCHMHUPOBAHHBIX 33Jja4 MOXeT ObITh MOJYyYeHO
QHAJIUTUYECKU. B ciiydae MOCTOSIHHBIX KYCOYHBIX KO3QQOUIMEHTOB Mbl I0JIy4aeM TOYHYIO AUCKpPeT-
HYI0 alNpOKCUMAalMI0 CTalMoHapHOW 1-M kpaeBo# 3aZiauu. AHAJOTMYHO aNNpOKCUMalUsl Tpexmep-
HOM HecTaLMOHApPHOM 3aayu noJjy4daeTcs ¢ nomouibio CAM. YncieHHOe pellleHHe CpaBHUBAETCS C
QHAJIUTUYECKUM pellleHHeM.

KuroueBble €JI0Ba: crnenyasbHbIe CIJIARHBI, METO/| yCPE/JHEHUS], TPeXMepHas 3a/ja4a, aHaJluTHIe-
CKOe pelleHue.

Josa nutupoBanus: Kanuc, X. O KOHCEpBATMBHOM METOJIE YCPE/JHEHHsI B CIUIAHOBBIX PHJIONKE-
Husx / X. Kanwuc, U. Kanrpo. - DOI 10.25559/SITIT0.16.202001.33-40 // CoBpeMeHHble HHpOpMALIH-
oHHbIe TexHosoruu U UT-o6pasoBanue. - 2020. - T. 16, Ne 1. - C. 33-40.
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Introduction equations (the third kind or so called Robin BCs; the second kind

The paper is devoted to the memory of Latvian mathematician E.
Grinbergs (1911-1982), pointed out his outstanding achievements
in applied mathematics, namely: radio filters, hulls of tankers,
graphs theory and integral circuits, especially his work in the
construction of the tanker fleet of the USSR [1]. According to his
calculations of tanker hulls, in the period 1963-1970, 23 veru
large tankers were built in Leningrad. At that time the research
was secret, and it was not reported in the open sources. A
summary of the calculation methodology (without any reference
to the application objects) contains the article [2]. Today this
interpolation methodology relates to the mathematical methods
of splins.

The term "spline” is used to refer to a wide class of functions that
are used in applications requiring data interpolation and/or
smoothing. The data may be either one-dimensional or multi-
dimensional. A spline function is a piecewise polynomial function.
The places where the pieces meet are named knots. The key
property of spline functions is that they and their derivatives may
be continuous, depending on the multiplicities of the knots.
Integral parabolic splines (IPS) for the first time were defined by
A.Buikis in [3] and developed in his doctoral dissertation [4].
Forty years ago, it was important to construct mathematical
models for intensification of the crude oil or gas output. For the
situation with layered media, integral splines were introduced to
consider the energy or mass conservation in new simplified (less
dimensional) formulation of the problem.

Looking back to the history of mathematics, integral parabolic
splines relates to conservative averaging method (CAM)
introduced in 1914 by AXKneser [5]. In 1980's, A. Buikis had
developed CAM method for partial differential equations with
discontinuous coefficients, when he was modelling processes in
environments with a layered structure. The conservative
averaging method was developed as approximate analytical and
numerical method for solving partial differential equations (PDE)
with piecewise continuous coefficients. To apply this method for
the layered media, a special type of quadratic spline was
developed, namely: the integral averaged values interpolating
quadratic spline.

Later, the concept of integral spline was generalized by defining
other types of splines besides polynomials, namely: hyperbolic
and exponential type splines [6] considered below in this paper.

Integral quadric spline

Given a continuous, smooth piece function U(x), x € [a,b]. It is
assumed that the first derivatives at the inner points ¢t of U(x)
have a final jump: Ki; U'(ti-0) = K; U'(ti+0), i=1,...N, where K; are
given positive coefficients. The continuity executes the equations:
U(t-0) = U(ti+0), i=1,...N. The mean integral values for U(x) of u; by
subsegment [t; ti+1] are given

u,'=Hii ftti”l U(x)dx, H; =t;y —

It is necessary to approximate the function U(x) using the previous
conditions and the following general boundary conditions (BC) at
the interval endpoints x=a and x=b:

KoU’(a)- a(U(a)-Fo)=0,

KnU'(b)+ B(U(b)-F1)=0,

where a, § are positive coefficients, F;, F2 - given constants. Such
BCs are typical one for the ordinary and partial differential

t;, i=0...N, to=a, tn+1=b.
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or so called Neumann BCs (if a=f =0); the first kind, or Dirichlet
BCs (if a=f =00) and periodical BCs in case: U(a)=U(b),
U’(a)=U’(b)). The proof is given that this interpolation problem
can be solved by a second order interpolation polynomial spline,
in other words, by the integral quadric spline of the form:

S(x) = ui + m; (x-t,) + ei Gi (( - —)
where t,=(ti+ti:1)/2, G,-:Hi/Ki>0.
From the previous conditions the 2(1+ N) unknown coefficients

m;, ei can be determined. The mean integral values of u; can be also
determined by averaging the differential equations.

Hyperbolic and exponential type splines
for 1-D stationary problem in N layered
domains

In [6], we consider averaging methods for solving the 3-D
boundary value problem in domain containing peat blocks. We
consider the metal concentration in the peat block. A specific
feature of these problems is that it is necessary to solve the 3-D
boundary value problems for elliptic type partial differential
equation of the second order (the diffusion equation) with
piecewise diffusion coefficients in every direction. The special
hyperbolic and exponential type splines, with interpolation of
middle integral values by piecewise smooth function, are defined.
This procedure allows us to transform the 3-D problem to 2-D and
1-D problems and the solution of the approximated problem is
obtained analytically [7]. The numerical solution is compared
below with the analytical solution.
Firstly, we consider the 1-D diffusion and diffusion-convections
boundary value problems in N layered domains.
Example 1. We considered the following 1-D diffusion problem in
[0, L] for N layers:
1) differential equations:

D,:—;ui(z) —a?u;(z) + F; = 0,2€ [z;_4, 7], i=1,N, 20=0, zv= L,

2) third kind BCs for z=0:
21— (us(0)-ug)=0, and for z=L: Dy =2

3) continuous conditions:
ui(z)=uini(z1), DEEl = D D, =1, N1,
where D; are constant diffusion coefficients, a, f - mass transfer
coefficients, aj, Fj, ug, ur, - fixed constant values.
For this problem we can obtain the analytical solution in the
following form:
ui(z)=m; sinh(a;*(z- Z,*)) +e; cosh(ai*(z-zi*))+Fi/az?,
zi"=(zi1+2i) /2, ai'= m
From BCs and the continuous conditions, we obtain N linear
algebraic equations with tridiagonal matrix for determination of
the unknown coefficients e; and then m;, using integral hyperbolic
type splines:

aU—N (3]

Di—— +f3 (un(L) - ur)=0,

0.5 H;sinh(aj; (z—2;.))
sinh(0.5 a;1H}

+e cosh(aj; (z—2z; )~ A; €))

ui(z)= ui; +m;
i(2)= iz +miz 8 sinh?(0.25 az Hi}

sinh(0.5a;1H;)
A= 0en)
0.5a;,H;

1 rz;
where uj;=—
“ Hifzi_

Hi=z;i-

u;(z)dz are the mean integral values of ui(z),
1

a;
Zi-1, Ai1= A * =
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Similarly, from BCs and the continuous conditions we can
determine the unknown coefficients ei; and m;; depending on the
mean integral values uz By using the mean integral values of
differential equation for determination of ui, we obtain linear
algebraic equation in following form:

0.5 Dieizaiicoth(0.25 aiiH;) /Hi -aiuiz+Fi=0.

In limit case when the parameters ai; for the hyperbolic spline (1)
tends to zero, we have the integral parabolic spline, obtained from
A. Buikis [3], [4]. We proved that the hyperbolic type splines give
exact solution for the previous boundary-value problem with
m;i=0.5miH;/sinh(0.5 ai1H;),

ei=0.125ei,/sinh? (0.25 aiH;),

sinh(0.5 a;1H;)
Fi/a?=ui - ey ——— ————"—
4 sinh?(0.25 a;1Hi}a; H;

= uiz —eidi.
Example 2. We consider following equations for 1-D diffusion -
convection problem in [0,L] for N layers with continuous
conditions and other BCs:

2
Dz ui(@) + 71 -ui(2) — afuy(@) + F; = 0,
Z€ [z_1, 2;), i=1, N, zo =0, zn=L,
where 1 is a constant convection velocity in every layer. For this
problem we can obtain the analytical solution in the following
form:
ui(z)=mj exp (ai- (z-zi*)) + exp (ai+ (z-zi*))+Fi/a?,

zi'=(zi1+2i)/2,
2 2 2 2
i T a? i 7 a?
a.=—--—*+t— |- +-+t an=——"+ |5+
2p; |4 ' D; 2p; ' AJaDZ " D;

From BCs at z=0 and z=L and the continuous conditions:

oui(zy) _ py Ouisa1(z)) ;_
9z = Dis1 9z ’ 1—1,...,N 1,

we obtain 2N linear algebraic equations to determine the
unknown coefficients e; and m;.

Using integral exponential type splines, we get solution:

ui(z)= ui; +miz (exp (a;i_(z—2;)) —q;_) +eiz ( exp (ai(z—
Z)) = Qi+ , (2)

. a;_H; 2 . aij+H;
where q;_ = sinh—==,q;, = ——sinh—== .
a;_ H; 2 ai H; 2

Similarly, from BCs at z=0 and z=L and the continuous conditions,
we determine the unknown coefficients e;; and mi; depending on
the mean integral values ui,. By using the mean integral values of
differential equation for determination of ui;, we obtain a linear
algebraic equation in the following form:

2myzsinh(0.5 aiH;)(Diai+ri) + Z2eisinh(0.5 ainH)(Diai- +ri) - Hi
aluiz+H; Fi =0.

Thus, we can see that the exponential type splines give the exact
solution with

mi=mi, ei=eiz and Fi/ai?=ui; = eiz Qi+ — Mi qi..

Ti Ui(Zi)=ris1 Uir1(Zi), Dr

Example 3. We considered following equations for simple (ai=0)
1-D diffusion-convection problem in [0, L] for N layers with
continuous conditions and BCs:

2
D,%ui(z) +1; %ui(z) +F;, =02€ [z;_q, 2],
i=1,N, zp =0, zn=L, 3)
where ri # 0is a constant convection velocity in every layer. For
this problem we can obtain the analytical solution in following
form:
ui(z)=m; (z-zi*) +ei exp (ai1 (z-zi*))+Ci,
a11=—ri/ i mi=-Fi/ri, Zi*=(Zi-1+ZJ/2-
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From BCs at z=0 and z=L and the continuous conditions:
ri Ui(Zi)=Tie1 Uis1(Z1),
pRuCD _ p, JunCD g N-1

0z 0z
we obtain 2N linear algebraic equations for determination of the
unknown coefficients e; and C;.
By using the integral exponential type splines, we get:
ui(z)= uiz +miz (z — z;) + eiz(exp (a1 (z — z})) — q;), 4)
whereq; = —2_sinp2fli miz==Fi/ri

ai H

2
Similarly, from BCs at z=0 and z=L and the continuous conditions,
we determine the unknown coefficients e;; and uz. We can see that
using the mean integral values of differential equation we obtain
the following identity:

2eizai1 anh(0.5 ai1H,)/Hi - ai1 (miz Hi +ei; 2eiz sinh(0.5 asz,))/Hi+ Fi
/Di=0.

We can see, that this exponential type splines gives exact solution
with mi=mi, ei=ei; and Ci=ui - eizqi.

A particular case. For the given parameters: N=L=2, Hi=H>=1,
r1=1, r2:2, F1=1, F2=10, a:100, ,821, u0=0, uL:I, D1=0.01, D2=0.01 we
have discontinuous solutions: u:(1)=12.60, uz(1)=6.30, u1,=11.75,
uz2-=3.99 (Fig.1.)

If ri=r2=2 and D;=0.01, D2=0.02 then we have continuous solutions
and discontinuous derivatives, having the numerical values
ui(1)=uz(1)= 6.525, u1,=6.43, uz;=4.45 (Fig.2.)

m— first |ayer
m—— cecond layer

uiz)

Fig.1. The solutions of two layers for ri=1, r2=2, D;= D2=0.01

m— first |ayer
m—— cecond layer

il 0z 04 0B 08 1 12 14 16 18 2

Fig. 2. The solutions of two layers for r;=2, r,=2, D;=0.01, D»=0.02
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Example 4. Using the transformation ui(z)= exp(-ri+(z-zi+) vi(z) for 4 T T T
equation (3) in every layer we obtain the following problem:
92 0 =
2vi(@) — 1%vy(2) + Fuexp(ru(z — z.) = 0, (5)
2€ [2i_1, 2], i=1,N, 20 =0, zy=L Hr .
D 9v1(0) _ f _ nk J
T (a + r1+)v1(0) + a uo=0, (BCs for z=0), m— oy arty
— act-u
vy (L) o 7
Dy— =+ (B-rn+) va(L) - B u Lexp(rn-L) =0, (BCs for z=L), g
11 vi(Hi)= risavier (Hi) exp((ri=-riss= )Hi), ar 7
9vi(Hy) 9 vip1(Hy) 15y 1
D; Vaz = D=2 :;: exp((ri+-riz1+)Hi),
i=1,..,N—1, (continuous conditions), 10+
Fi. =F [Dyrie =1/(2D;).
5 L -
For this problem, we can obtain the analytical solution in the
fOllOWing form: DU 05 1 15 2 25 3

v;(2) = my sinh(a;‘ (z—2z ,,)) + eicosh(af (z—2z *)) + g;(2),
zi, = (2i-1 +2)/2, 0] =m0
where g;(z) = F;, exp(ri.(z — z,)/(4r3)(1 — 217,(z — z;,)) is the
particular solution of (5).
From BCs and the continuous conditions, one can obtain N linear
algebraic equations for the determination of unknown coefficients
ei and m;, using integral hyperbolic type splines (1) in the
following form:
0.5 Hisinh(aj, (z—z; .

Vi(z)= viz +miz sinh(o(.s ;-i(lHi} s
Ai:sinh(O.SailHi)

0.5a;,H;

~ cosh(aiy (z—z; ))—Ai
' g sinh2(0.25 ay Hi} ~

where V;Z:Hii fzziil v;(z)dz are the mean integral values of vi(z),
Qi1 = Tix

Similarly, from BCs and the continuous conditions we can
determine the unknown coefficients e;; and m;; depending on the
mean integral values vi. By use of the mean integral values of
differential equation, we obtain N linear algebraic equations to
determine vi:

0.5 eraircoth(0.25 ainH;)/Hi-r2vi+2F;, sinh(0.5 ri+ Hy)/ (1, H; ) =0.
We can see, that the hyperbolic type splines give exact solution for
the previous boundary-value problem in case of Fi=0, then
m;i=0.5mi:H;/sinh(0.5 aiiH;), e=0.125e:,/sinh? (0.25 ai1H;), viz - €idi .

In case of Finonzeros and g »=Vvi. - eiA;, we obtain the approximate
solution

gi= Hi fzzi il 9i(2)dz=Fi/(4Hir2)((2/ri+2H;)sinh(0.5 ri+H;)

+4cosh(0.5 ri-H;))

A particular case. For N=2, L,=3, Hi=1.8, H»=1.2, ri=0.4, r=0.1,
Fi=0, a=100,=1000, uo=1,ur=10, D:=0.2, D:=0.1 we have
discontinuous solutions ui(Hi ) -uz(Hi)= -7.413, vi(H1 ) -vz(H1)=
-9.362, v1,=6.347, v2,=33.560 (Figs 3 and 4).

If ri= r2=0.1 and D:=0.5, D2=0.1 then we have the following u-
continuous solutions, v-discontinuous solutions and
discontinuous u-derivatives:

ui(H: ) -uz(H1)=0, vi(H1 ) -vz2(H1)= -5.605, v1,=3.150, v2,=27.036
(Fig.5.)

Fig. 3. The exact v- and u-solutions for two layers: r;=0.4, r2=0.1, D;=0.2, D>=0.1

45

0r

3o

nr

B

uiz)

Ar

— ey

S— ey

Fig. 4. The spline v- and u-solutions for two layers: r;=0.4, r»=0.1, D:=0.2, D,=0.1

45

wof

m— pyacty

— oty H

Fig. 5. Solutions for two layers: r1=r,=0.1, D;=0.5, D>=0.1
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Hyperbolic type splines for 1-D
nonstationary problem in N layered
domains

Example 5. We consider the following parabolic type PDEs 1-D
initial-value problem in N layers with continuous conditions and
BCs in z-direction:

2
D,%ui(z, t)+r %ui(z, ==, Y (6)
where z€ [z;_y,7;], t €[0,t;], i=1,N, zo =0, zn=L; i # Ois a
constant convection velocity in every layer, ui(z0)=up are the
initial conditions. By using transformation ui(zt)= exp(-ri(z-z)
vi(zt) for equation (6) in every layer we obtain following PDEs:

92 2 vz
22 vi(z,t) —15vi(z,t) = "ot (7)

dui(z,t)

o
o

Fig. 6. The nonstationary v-solutions

Conclusion

The 3-D mass transfer problem in multi-layered domain is reduced
to 2-D and 1-D problems using the special integral parabolic, hy-
perbolic and exponential type splines. These splines are obtained
from the general spline with two fixed functions. The parameters
of these functions are the characteristic values for the correspond-
ing homogeneous ODEs of second order in fixed direction. These
parameters are the best parameters for minimal error. The 1-D dif-
ferential and discrete problems are solved analytically. For the cor-
responding diffusion-convection problem the discontinuous solu-
tions are obtained. The solutions for the corresponding averaged
non-stationary 3-D initial-boundary value problem are obtained
also numerically. The numerical solution is compared with the ana-
lytical solution. The maximum absolute value of difference between
corresponding numerical and averaged data was in the range of 2-3
percent.

CoBpemeHHble
MH(OPMaLMOHHbIE
TeXHonornu

n UT-o6pa3oBaHue

z€ [z;_1, 7], t € [0, ¢].

Using BCs (5) and hyperbolic type spline (1) we determine the
unknown functions ei(t) and mi(t) depending on the mean
integral values vi,(t). By using the mean integral values of
differential equation (7), we obtain N linear ODEs equations for
determination of vi,(t) in the following form:

0.5 eu(t) ricoth(0.25 rieHy) /Hirivi(t) =223 i=T N

A particular case. Let us have parameters N=2, L=3, H;=1.8,
H>=1.2, r1=0.4, r2=0.1, v12(0) = v22(0) =0, a=100, f=1000, up=1, u=10,
D1=0.2, D2=0.1, t=30. Then we have the following discontinuous
solutions:

Viz(Hi,t1)=6.344, v2,(H1,tf) =33.555,

ui(Hi,t)=2.47, uz(H1,t)=9.88,

vi(Htr)= 14.94, v2(H1,tr)=24.30 (see Figs 6 and 7).

ST
SIS,
s

=

Fig. 7. The nonstationary u-solutions
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