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Abstract

The problem of vibrations of objects with moving boundaries, formulated as a differential equation
with boundary and initial conditions, is a nonclassical generalization of a hyperbolic problem. To facili-
tate the construction of the solution to this problem and to justify the choice of the form of the solution,
equivalent integro-differential equations with symmetric and time-dependent kernels and time-vary-
ing integration limits are constructed. The advantages of the method of integro-differential equations
are revealed in the transition to more complex dynamic systems carrying concentrated masses vibrat-
ing under the action of moving loads. The method is extended to a wider class of model boundary value
problems that take into account the bending stiffness, the resistance of the external environment, and
the stiffness of the base of an oscillating object. Particular attention is paid to the consideration of the
most common case in practice, when external disturbances act at the borders. The solution is made in
dimensionless variables accurate to second-order values of relatively small parameters characterizing
the velocity of the boundary. An approximate solution is found to the problem of transverse vibrations
of a rope of a lifting device, which has bending rigidity, one end of which is wound on a drum, and a
load is fixed on the other. The results obtained for the amplitude of oscillations corresponding to the
nth dynamic mode are presented. The phenomenon of steady-state resonance and passage through
resonance is investigated using numerical methods. The solution is made in dimensionless variables
using the TB-Analisys software package developed in the Matlab environment, which allows using the
results obtained for calculating a wide range of technical objects.
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AHHOTanUsA

3ajaya 0 KosleGaHUsIX 06BEKTOB C ABIKYLIMMUCS TPaHULAMH, chopMyaupoBaHHas B Busie audde-
PEHIMa/JIbHOIO ypaBHEHHUsI C TPAaHUYHBIMU M HayabHbIMU YCJIOBUSMH, SIBJISIETCSl HEKJIACCHYeCKUM
060011eHHeM THIep6oaIndecKoil 3ajauu. s obsieryeHust NOCTPOEHUs pellleHHsl 3TOHM 3ajauu U
060CHOBaHUs BbIOGOpA GOPMBI pellleHHsI TOCTPOEHbI 9KBUBAJEHTHbIE HHTErpo-AuddepeHpalbHble
ypaBHEHHsI C CHMMETPHYHBIMH U 3aBUCSLIMMU OT BpeMeHH SIApaMHU U U3MEeHSIOIUMHUCS BO BpeMe-
HU NpeJieJlaMU MHTerpupoBaHus. [IpenMyiecTBa MeToAa UHTErpo-AnddpepeHIHaNbHbIX ypaBHEHUH
PaCKpBIBAIOTCS NPU Mepexosie K GoJiee CI0KHBIM AMHAMUYECKHM CHCTeMaM, HeCyLMM COCPeAoTOo-
YeHHble MaccChl, KosleGJIoLecs Moj JelcTBUEM IOJBI)KHBIX Harpy3ok. MeTo/ pacnpoCTpaHseTcs
Ha GoJiee IMPOKUI KJI1acC MOAEIbHBIX KpaeBbIX 3a/1ay, KOTOPble YYUTHIBAIOT XKECTKOCTh IPH U3THGE,
COMPOTUBJIEHHE BHEIIHEH Cpe/ibl U )KeCTKOCTb OCHOBAaHUS KoJsiebJiollerocst 06'bekta. 0co6oe BHUMa-
HUe yAe/seTcss pacCMOTPEeHUI0 HauboJjiee pacIpoCTPaHEHHOI'0 HAa MpaKTHKe C/Iydas, KOTAa Ha rpa-
HUIaX AeHCTBYIOT BHELIHHEe BO3MYylleHUs. PellleHre NpUHUMaeTcsl B 6e3pa3MepHBIX IlepeMeHHbIX €
TOYHOCTBIO JI0 3HAaYeHUH BTOPOro MOPsKAa OTHOCUTENBHO MaJsbIX IapaMeTPOB, XapaKTePU3YIOLUX
CKOpOCTb IrpaHuLbl. HaliieHo npub/ImKeHHOe pellleHMe 33aJjaqy O TOIepedyHbIX KoslebaHUAX KaHaTa
HO/'bEMHOI0 YCTPOMCTBA, 061aaI01Iero *KeCcTKOCTbI0 Ha U3rU6, OJJUH KOHell KOTOPOT0 HaMOTaH Ha
GapabaH, a Ha JpyroM 3akperulieH rpys. [Ipe/cTaBieHbl pe3ybTaThl, NOIy4YeHHbIe AJs aMIIATY/Ab
KoJIe6aHUH, COOTBETCTBYIOIEH N-My AMHAMUYECKOMY PeXHUMy. SIBJeHHe yCTaHOBHBLIErocsl pe3o-
HaHCa ¥ NPOXOX/AEeHUs Yepe3 Pe30HAHC UCCIelyeT s C IOMOLIBIO YHCTIeHHBIX METO/0B. PellieHue BbI-
[I0JIHEHO B 6e3pa3MepHBIX IepeMeHHbIX C HCN0/b30BaHKEM NporpaMMHoro nakera TB-Analysis, pas-
paboTaHHoro B cpeie Matlab, uTo no3BoJ/ifieT UCII0/1b30BATh MOJyYEeHHbIE Pe3y/bTaThl AJS pacyeTa
IIMPOKOTO CIIEKTPA TEXHUYECKUX 00BEKTOB.

Ki1roueBsble €/10Ba: pesoHaHCHbIE CBOMCTBA, KOJIEGAHMs CUCTEM C MOJBHKHBIMU IPaHUL[AMH, 3a-
KOHBI BIXKEHHs I'PAHULL, UHTerpo-AnuddepeHIiHaNbHble ypaBHEHUs], aMILUIUTY/AA Kole6aHuH

Asmopul 3asi845110m 06 omcymcemauu KoH@.IUKMa UHmMepecos.

JU1 BUTUPOBAHUSA: JIUTBUHOB, B. J1. [IpU6/IMIKEHHBIA METO/, pellleH)s] KPaeBbIX 3a/{a4 C O BHK-
HbIMHU I'DaHUIIAMU B pa3pabOTaHHOM nporpaMMHoM koMmiiekce TB-Analisys / B. JI. JlutBuHos, K. B.
JlutBuHoBa. — DOI 10.25559/SITIT0.17.202102.432-441 // CoBpeMeHHble HHGOPMALIUOHHbIE TEXHO-
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1. Introduction

Among all the many problems of the dynamics of elastic systems
from the point of view of technical applications, the problems of os-
cillations in systems with time-varying geometric dimensions are
very relevant. Systems, the boundaries of which are moving, are
widespread in technology (ropes of hoisting installations [1-3, 7, 8,
11, 13, 18, 23, 24], flexible transmission links [7, 11, 12], solid fuel
rods [9, 10], drill strings [9], etc.). The studies of many authors on
the dynamics of lifting ropes have led to the need to formulate new
problems in mechanics concerning the dynamics of one-dimension-
al objects of variable lengths. In the mathematical formulation, this
is reduced to new problems of mathematical physics - to the study
of the corresponding equations of hyperbolic type in variable rang-
es of variation of both arguments. The presence of moving boundar-
ies causes significant difficulties in the description of such systems;
therefore, approximate solution methods are mainly used here [1-5,
7-19].

Of the analytical methods, the most effective is the method proposed
in [6, 20], which consists in the selection of new variables that stop
the boundaries and leave the wave equation invariant. In [21], the
solution is sought in the form of a superposition of two waves trav-
eling towards each other. The method used in [22], which consists
in replacing the geometric variable with a purely imaginary vari-
able, is also effective, which makes it possible to reduce the wave
equation to the Laplace equation and apply the methodology of the
theory of functions of a complex variable for the solution. However,
the exact solution methods are limited by the wave equation and
relatively simple boundary conditions.

Of the approximate methods, the most effective method is the Kan-
torovich-Galerkin method [9, 14, 25], as well as the method for
constructing solutions of integro-differential equations described
in this paper. The problem of vibrations of objects with moving
boundaries, formulated as a differential equation with boundary
and initial conditions, is a nonclassical generalization of a hyper-
bolic problem. To facilitate the construction of the solution to this
problem and to justify the choice of the form of the solution, equiva-
lent integro-differential equations with symmetric and time-depen-
dent kernels and time-varying integration limits are constructed.
The construction of integro-differential equations of motion of ob-
jects of variable length is based on the direct integration of differen-
tial equations in combination with the standard replacement of the
required function with a new variable.

In trivial cases, the methods of integral equations do not have an
advantage over the method of differential equations when applied
to the study of oscillations of a system with an infinite number of
degrees of freedom [7, 11]. The advantages of the method of inte-
gro-differential equations are revealed in the transition to more
complex dynamic systems carrying concentrated masses, vibrating
under the action of moving loads, etc. These methods can be very
fruitful when applied to the dynamics of strands of variable lengths
and other mechanical objects with varying boundaries.

In this paper, the method of constructing solutions of integro-dif-
ferential equations is extended to a wider class of model boundary
value problems that take into account the flexural rigidity of an os-

cillating object [8, 10, 13], the resistance of the external environ-
ment [9] and the rigidity of the base (substrate) of the object [7, 11]
... Particular attention is paid to the consideration of the most com-
mon case in practice, when external disturbances act at the borders.
For a fixed length of the object, the constructed integro-differential
equations go over into the classical Fredholm equations of the sec-
ond kind. The solution is made in dimensionless variables using the
TB-Analisys' software package developed in the Matlab environ-
ment, which allows using the results obtained for calculating a wide
range of technical objects.

2. Formulation of the Problem

The differential equation of motion of mechanical objects of vari-
able length has the form

U (&, D)+ LU(S, D)) = p(&,7). 1)
We write the boundary conditions in the following form

in [U<£j(gr)’7)j|:Fﬁ(T); (2)
i=lmj=12

Here U(&,7) - offset function; L - linear homogeneous differential
operator with respectto £ order 2m (m " 2 - positive integer); Yj,-
— linear homogeneous differential operators with respect to &;
®(&,7), F,(t) - specified class functions C and C” respectively;
! ,(¢t) - boundary motion law; & - small parameter (¢ =V/a,
V' — border speed, a - vibration propagation speed).

The movement of the boundaries according to the law fj (81') cor-
responds to the slow movement mode.

When analyzing the resonance properties, the initial conditions are
taken in the form U(&,0)=U_(£,0) =0.

To eliminate in homogeneities in the boundary conditions, a new
function is introduced into equation (1)

U,n)=V (S, 1)+ H(S,7), (3)

where -

H(&,7) =22 D, (§,60)F, (7), ®)
k=1 r=1

the function satisfies the equation

LD, (,e7)]=0 (5)

and conditions Lk = JAar=i;

Y, [D’” (gf(gr)’r)] - {0, k#jvr#i

Substituting (3) into equation (1) taking into account (4), (5), the
function V' (&, 7) is found as a solution to the following problem:

Vn— (é:’ T) +L [V(g’ T)] = ¢)(§’ T) - HTT (57 T)a (6)
Y, [V(ej(gr),r)] -0. )

In [11], an integro-differential equation corresponding to problem

(6), (7) was obtained in the form
)

VED == | KEC.en V. (.00, 0)+H, (§.0)]dC,

Cy(et)

(8)

! Litvinov VL., Yashagin N.S., Anisimov V.N. Certificate of registration of the electronic resource “Automated Research Complex” TB - ANALISYS” in Joint Fund of the
Electronic Resources “Science and Education” No. 19517 dated September 26, 2013 and FGANU CITiS No. 130912114653 dated September 30, 2013. (In Russ.)
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where K(&,{,er)-symmetricalin & and { kernel time-depen-
dent via parameter €7 .

Theorem 1. In a time interval AT, commensurate with unity, the
equation of oscillations of an object with a fixed parameter
[ =1(z,) = const differs from the corresponding equation of oscilla-
tions of an object with a variable parameter [ =[(t) by terms pro-
portional to the factor &, provided that the derivative of the kernel
K(x,s,l) with respect to the parameter [(t) is bounded.

Proof. Let us expand the right-hand side of Eq. (8) in terms of the
parameter /(7) inthe vicinity of some fixed value of the dimension-
less length /(z,) in a Taylor series.

Assuming

(ty+Ar)=1(r))+Al(T) +...

get
1(zy)

V(g == [ KES @)V (& 0 =0, 1)]dS ~

_AI(T) {K(é > I(To)a I(To )) [V:r (I(T())’ T) - (P(I(T())’ T)] + (9)

T oK (E.¢.1x,)
i e LR K o

(A [ K (E,1(x,),1(5,)
2! al(r) ol

We will assume that the function /(7) is a function of slow time
[=I(z)), 7, =€, ie. is a function of time, the time derivative of
which is proportional to some small parameter ¢ . The differential
of the length of the object A/(z,) in accordance with the rule of
differentiation of the slow time function [7, 11] is calculated by the
formula Al(r,) = SMAT.

1
Let us choose the time interval A7 in the form

At =0(7), (10)

where 6(7)— is some function of order unity.

Substituting (10) into (9), we find that in a time interval Az, of the
order of unity, expansion (9) has the form

I(zg)

V== IK(&CJ(TO))[VW(C,T)—@(C,T)]dé“—
~el'(0O@) K (&,1,), @)V, (7)., 0) —p(l(x,),0)]+

l(TO)GK(é’C,l(TO))
" 0 W[fo(gﬂf)_fp(é,r)]dg _
_521/2(7)9;){61((5,2(;0),[(1'0))“}.
: ()

Taking into account the condition of the theorem on the bounded-
ness of the derivative of the kernel K(x,s,/) with respect to the
parameter /(7) and comparing the results obtained, we find that
an equation with a fixed parameter / =/(z,) = const differs from
an equation with a variable parameter in the range of At ~ 1 terms
proportional to the factor. This proves the theorem.

Vol. 17, No. 2. 2021 ISSN 2411-1473 sitito.cs.msu.ru

3. The Solution of the Problem

The solution to problem (9) will be sought in the form of a series:

V()= /@)X, & e1), (11

where X (&,er) - eigenfunctions, which are formally constructed

solutions of the integral equation
£y (eT)

X, e1)=w,(67) [ K(E.£,60)X,(C,67)dS,

£y(et)

(12)

where g7 considered as a parameter.

Solution (11) is exact if the boundaries are motionless.

Own functions X, (&, £7) satisfy the boundary conditions (8) and in
this case play the role of dynamic modes.

Using the results of [11], we expand the symmetric in & and
kernel in a row by its own functions X, (&,&7) :

K(&,C,e1) :ixn(i,sr))(n@,gf)

= o, (e7)

(13)

5

where ®,, (¢7)— natural frequencies of the problem determined
by the formula
1 05 (&) 5 (e7) (14)

[ KE.¢.e0)X,(E60)X,( ev)dEdC

N
wOn(gT) 0y (et) £ (eT)

Let us differentiate series (11) by time:

VEn =Y AOX,Een+eX, Gen )]

After repeated differentiation, we get

V6D = 3 OX, 0+ 26X, (Ge0)f, @) 46X, (€60/,0).

n=1

(15)

Substitute series (11), (13), (15) into equation (9) taking into ac-
count the orthogonality of the functions X, (§,£7) on the interval
[¢,(e7); £, (eT)] with weight g(£) and replacements

L@ =10+ Y0, (0F, (1),

where

t(er)

[ Do(&en)X, (& en)g($)dé
0, (e1)=- A N

[ X2(&ene©as

4 (e7)

Note that if we expand the function H(&,7) in a Fourier series:

HED) =Y 0,(0)X, (.0), (16)

where
0, (e1) 05 (e1)

0,(0)= [ HEDX, (Een) O)de/ [ X(Een)g(©)dE,
e 0,(e0)

here g(&)— is a weight function, then the replacement can be

made in a simpler form

1@ =u1,(@)=0,().

In resonance phenomena, the amplitudes of all dynamic modes,
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except for the resonant one, are small. Therefore, the nonresonant
terms of series (11), (15) are neglected due to their smallness. In
this case, we obtain a split system of ordinary differential equations
with variable coefficients

A, (D)D) + 26 A4, (D)) () + €24, (7)1, (7) + A, (67)0, (60, (0) =0, (2), (17)
where

0.0)= E()-263 3 8, (L ()= 3C, (o) F (or) = 1
(604,630, ()P, e),

Here: o

Ao | XA engEde (49

.
o4, (67) = :j: X, (.60, (£, e0)g()dE: (20)
82A3n<sr)'=52(f)xﬂ,, (£.0)X, (£,67)g(E)dE; (21)
.
5B, (e7) = :j:[Q (600X, (£,:60)+ D, (E.e0)], - X, (£.er)g(E)dE: (22)
| 05 (et)

£C, ()= | 10, (600X, (E.20)+ D, (E,60)], X, (E.c00g(ENE:
(et
£ (1)

E, ()= j P(&, )X, (5,67)8(£)dS.

ly(eT)
System (17) up to values of the order of smallness & will look like
A, (T (0) + 28 4y, (e (2) + 4, (€7)eog, (6T, () = 6, (7), (23)
where

0,(t) =y, (e7) 4, (e7)p, (1) + E, (7).

Taking into account (11), (16) solution (3) will have the form:
@ 2 m @
UE0) =3 i, (X (Ee0)+ Y. S F, (0D, (6.61)+ 3.0, (o)X, (&), (B4
n=l k=1 r=1 n=l
Theorem 2. The solution to problem (1) - (2) can be represented
in the form

U(Er)= iun(rm(é,ew.

Proof. The quantities O, (e7) determined by the expression

£ (en) £ (en)

0, (e0)=— [ D,(.e0)X,(Ee0)g(@)de/ [ X}(E.er)g(E)dE,

£, (eT) £ (eT)

are for the function —D, (&, &7) the coefficients of the Fourier se-
ries expansion in the system of orthogonal weights g(&) eigen-
functions X (&,e7) ontheinterval [/, (e7), (,(e7)], ie.

30, (600X, (£.67) =Dy (E.£7).

Therefore, the expression in square brackets of equality (24) is
equal to zero. The theorem is proved.
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For simplicity, we introduce into equation (23) a new function

t,(t) = 4, (e7),(7), (25)
where T

B €4,,(s7)
AOH(ST)—CXP|:—6|‘de:|. (26)
Then equation (23) will not contain a term with V(1)
yi(@)+ o, (e0), (1) =0,(2) /[ 4, (e7) 4, (s7)] (27)
Let be
P(S,7) = B, (&) cos W, (7); (28)
F.(tr)=B,cosW,(r); j=12; i=lm, (29)

where B; constant values; #,(7), W, (t) monotonically increasing
functions; B,($) — function characterizing the intensity of the dis-
tributed load.

Taking into account equalities (28), (29), expression (18) takes the
form

0,  _ Sy 30
A ,,O(gr)cosm,(rn;;M,W(gr)cosm,(r), (30)
where INCD)

M, (e7) = j By (&)X, (&,e1)g(8)dE /[ 4,,(e7) 4, (e7)];

) (et)
2
-B,w,, (ET)ani (e7)

. 4, (27)

i (87) =

(1

We restrict ourselves to considering the case when expression (30)
has the form

0,(0)/[ 4, (67)4,,(e7)] = M, (67) cos W, (),

where ¥ (7) - monotonically increasing function.
Equality (30) can be replaced by equality (32) in the cases de-
scribed in [8, 9, 14].

Taking into account the above, equation (27) takes the form

(32)

Vi @)+ 0}, (67)y, (1) = M, () cos W, (0). (33)
Solution of equation (33) with =zero initial conditions
¥(0) =0; y'(0) = 0 has the form [12]:

| (34)

2,(0) = [7,(0.0M, () cos W, ()de,

where

v (2,0) = V0 (D)32,(6) = 3,()y,,(7)

Y (V5 =1,y (§)

Yin»YV2n — linearly independent solutions of the homogeneous equa-
tion corresponding to (33), i.e.

@)+ oy, (e7)y, (1) =0. (35)
Linearly independent solutions (35) have the form [9, 12]:

(7)) = a,(er)sinw, (7); (36)
Y2, (7) = a,(e7) cos w, (7). (37)

Here the functions a,(¢7) and w, () are determined up to values of
g? the order of from the following system of equations obtained
using the asymptotic method considered in [12]:
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dw,(7) = o, (e7); to calculate the resonance properties of the bearing links of a wide
dr o ’ range of lifting machines.
da, (1) a,(et) da,,(er) The equation that takes into account the bending stiffness and ten-
dr =" 2w, (¢7) ’ dr sion of the vibrating link has the form [9]
on El ) (42)
The solution of this system, up to a constant, has the form U, (x,0)+ ?Uxxxx (x,0)—a’U,,(x,1)=0.
‘ (38)
w,(7)= .[wo" (er)dr; Border conditions
" U(0,6)=0; U_(0,¢)=0; (43)
a,(er) =—F———. (39)
@y, (€7) U(l,(1),1) = Beos W, (w,1); U, (I,(1),1)=0. (44)

As @, (e7) > 0, then it follows from equalities (38), (39) thatw, (7)
- monotonically increasing function.
Returning to solution (34), taking into account (36), (37), we get:

M, (85 cos W, ()eos w, (&)

¥,(7) = a,(e7)sinw, () .[ a, ()W, () 7
—a, (1) cos w,(7) ]M" (gg):(zzgif();n w,(&), c

Using the well-known trigonometric formulas taking into account
(25), we obtain the following expression for the total amplitude of
oscillations corresponding to the nth dynamic mode:

2

£ = 4,0 (sr){[]ﬂ(sé)cos O, + [F, (5 )c0s®,,(£)dC | +

+ ]FW(SC)SiH¢"1(C)d§ + ]E(SC)Sinq’nz(QdC} }

where
1 __ M, () ] .
a,(er)= a)o,,(ST)7 F (e§) an(SC)W;(C)’ w, (1) Jcoo,,(sr)dr,
M, (er) = 222 EDOED) g, () ()0
4, (e7)

Integrals containing sin$ , ({), cos$ , ({), increase during the
entire period while the resonance phenomenon is observed, and
make the main contribution to the amplitude. Ignoring members
containing @ ,,(¢), we obtain the following expression for the vibra-
tion amplitude:

4,(r)=

LA e ) ﬁﬂ(aq)cos@nl(e“)dc} i

! (41)

+ []F,,(%)Sin ‘Dnl(é)dé}

Some Results of Numerical Studies of
Lateral Vibrations of a Rope of a Handling
Unit

As an example, consider the transverse vibrations of a rope of a lift-

ing installation, one end of which is wound on a drum, and a load is
hinged on the other. With the help of the given model, it is possible

Vol. 17, No. 2. 2021 ISSN 2411-1473 sitito.cs.msu.ru

In problem (42) - (44), the following designations are used: U (x,?)
- lateral displacement of the link point with coordinate x at time ¢; /
- axial moment of inertia of the rope section; p - linear mass den-
sity; a=+/T / p - the minimum speed of wave propagation; T - is
the tensile force; /,(#) = L, —v,t - the law of movement of the bor-
der of the rope, L — the initial length of the rope, v, — the speed of
movement of the border; J¥,(z) - class function C*; B,®, - con-
stant values; E - is the modulus of elasticity of the rope material.
Introduce dimensionless variables into problem (42) - (44):

w,L,—a
E=wyx/a; T:wol+%; U(x,f)= BV (E,T).

0

Then the problem will take the form

Vo (6,0) + BV iee (6,7) =V (E,7) = 0; (45)
V(0,5)=0; V,.(0,7)=0; (46)
V(I(er),t)=cos W(r); V. (I(e1),7)=0, 47)

where
2

El o
B =—— len)=lvers W@)=W,(1-7,);

p a
Yo :M; e=-v,/a.

v,
Note that the value of the quantity S in technical problems usually
does not exceed 0,25.
Integrating equation (45) over & and getting rid of inhomogene-
ities in the boundary conditions by analogy with (6) - (7), we obtain
an integro-differential equation for transverse vibrations of a rope
of variable length in the form:
I(eT)

rEn=- [ KEC.e[V.C0+H, ¢ D]dS.  (48)

The kernel of equation (48) in the case under consideration will be
determined by the function

I(er)=¢ 2(1(61)—§+§—§
B 3 2

ler)=¢ Y (Len)=¢ & —¢
( 5 M 3 +2j’§2§'

Function (49) is also symmetric with respect to arguments & and
¢ and depends on time through the parameter contained in it 7.
When fixed /(e7) = const function (49) coincides with the func-

et

K(&,C,er)= (49)
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tion of the influence of deflections of a rope of constant length.
Thus, problem (45) - (47) is reduced to an integro-differential equa-
tion (48) with a symmetric time-varying kernel (49) and time-vary-
ing integration limits.

The solution of problem (48) will be carried out in dimensionless
variables in accordance with the method described above.

As a result, for the amplitude of oscillations corresponding to the
nth dynamic mode, we obtain the following expression:

4:(0)= Ef(Sf){[]E(EC)COS‘D"(CWC} {]Fn(«fé)sinq’n(ﬁ)dé} }

where

El(et)= !

44,,(et)0,,(e7) ;
F(e0)=0, (650w, (e5)4,,(£5).

@,(8)=w,(S)=W,(&);

The phenomenon of steady-state resonance in the system under
consideration is observed if
W,(@)=w,(0)+7,

where y -isa constant.

Under the action of a harmonic perturbation on the system with a
frequency ,, when W (r) =1, on any of the dynamic modes, the
phenomenon of passage through a resonance may occur. The point
of the resonance regiont,, in which @’ (z,) =0, is approximately
determined by the following formula:

S O 7 S
Coe[\—1e\144p?

To study the phenomenon of passage through resonance, it is neces-
sary to find the values of 7, and 7, at which the square of the am-
plitude

L6 =E (er»”?ﬂ(s;)cos«@ n@)d;} . {]Fn(sasinx W(C)dé} } (50)

has a maximum.

Using the TB-Analisys? software complex, developed in the Matlab
environment, the dependence of the maximum amplitude of the
transverse vibrations of the rope when passing through resonance
in the first and second dynamic modes on the relative velocity of the
boundary movement at various values of the dimensionless coeffi-
cient characterizing the bending stiffness of the object was estab-
lished (Table 1).

2 Ibid.

CoBpemeHHble
nHgopMaLMOHHbIe
TexHonornu

n UT-o6pasoBaHue

Table 1. Dependence of the vibration amplitude A" on & and ﬁ when

passing through resonance in the first and second dynamic modes

B\e 0,02 0,04 0,06 0,08
3 0,01 173 107 88 67
E 0,2 14,1 9,2 7.3 5,4
g 0,01 12,5 7,7 5.1 4.2
E 0,2 9,3 5,4 43 37

Analysis of the results obtained allows us to draw the following con-
clusions:
- with a decrease ¢ the amplitude of the oscillations increases;

-when ¢ — 0 the amplitude of oscillations tends to infinity;

- with an increase in the mode number and bending stiffness of the
object, the maximum vibration amplitude
decreases.

Conclusion

An approximate method for constructing solutions of integro-dif-
ferential equations is extended to a wider class of model boundary
value problems on the vibrations of objects with moving bound-
aries in a linear formulation described by equations of hyperbolic
type. This method allows taking into account the effect on the sys-
tem of resistance forces of the external environment, bending stiff-
ness and rigidity of the object substrate. The solution of the prob-
lem is brought to obtain the quadrature formulas of the amplitude
of oscillations corresponding to the n-th dynamic mode. The phe-
nomenon of steady-state resonance and passage through resonance
is investigated by numerical methods for transverse vibrations of a
rope of a hoisting machine. The above results allow at the design
stage to prevent the possibility of high-amplitude oscillations in
mechanical objects with moving boundaries. Using the TB-Analisys
software complex, developed in the Matlab environment, the de-
pendence of the maximum amplitude of the transverse vibrations
of the rope when passing through resonance in the first and second
dynamic modes on the relative velocity of the boundary movement
atvarious values of the dimensionless coefficient characterizing the
bending stiffness of the object was established.
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