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Abstract
Quantum computing is still a developing, but an extremely promising area. The article lays out the main 
ideas behind quantum computing in simple terms.  The topic of quantum computers based on qudits 
‒ multidimensional analogues of qubits, which have recently received much attention due to their effi-
ciency, is also covered. The fundamentals of quantum mechanics, which are necessary for understand-
ing the principles of operation of a quantum computer, such concepts as qubits and qudits, linear opera-
tors, the measurement process, etc are introduced. As an example of quantum computing, the principle 
of operation of the Deutsch-Jozsa algorithm, one of the first quantum algorithms to demonstrate their 
advantages, and its generalization to qudits, are analyzed in detail.  The process of writing the simplest 
quantum computer emulator in the Python programming language is described step by step. The emu-
lator operates with an arbitrary number of qubits and allows you to apply arbitrary operators to them 
and carry out multiple measurements of the final state of the qubit. A generalization of this emulator 
for working with qudits is given after that.  To demonstrate the emulator we have written, we present 
programs that implement the Deutsch-Jozsa algorithm and its generalizations on it, and test them.
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Аннотация
Квантовые вычисления ‒ это развивающаяся и чрезвычайно перспективная область. В статье 
простыми словами изложены основные идеи, лежащие в основе квантовых вычислений. 
Также освещается тема квантовых компьютеров на основе кубитов ‒ многомерных 
аналогов кубитов, которым в последнее время уделяется большое внимание благодаря их 
эффективности. Вводятся основы квантовой механики, которые необходимы для понимания 
принципов работы квантового компьютера, такие понятия, как кубиты и кудиты, линейные 
операторы, процесс измерения и т.д. В качестве примера квантовых вычислений подробно 
анализируются принцип работы алгоритма Дойча-Йожа, одного из первых квантовых 
алгоритмов, продемонстрировавшего свои преимущества, и его обобщение на кудиты. 
Пошагово описан процесс написания простейшего эмулятора квантового компьютера на 
языке программирования Python. Эмулятор работает с произвольным количеством кубитов 
и позволяет применять к ним произвольные операторы и проводить множественные 
измерения конечного состояния кубита. После этого дается обобщение этого эмулятора для 
работы с кудитами. Чтобы продемонстрировать написанный нами эмулятор, мы представляем 
программы, реализующие алгоритм Дойча-Йожа и его обобщения на нем, и тестируем их.

Ключевые слова: квантовый компьютер, кубит, кудит, квантовый эмулятор, алгоритм 
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Introduction

Quantum computing is still a developing, but an extremely prom-
ising area.
Computations on quantum computers are carried out by applying 
operations to qubits, the quantum counterparts of classical bits. 
The main feature of qubits is stated in the principle of superposi-
tion: a qubit can be in several states at the same time. This allows 
using one operation to perform calculations for all states of the 
system at once, in contrast to a classical computer, in which cal-
culations would have to be performed sequentially or in parallel. 
However, after this operation is executed, the qubit will also be in 
a state of superposition, and when we try to measure the results 
of calculations, we will find out the result of only one calculation, 
randomly selected from all possible ones. Fortunately, we can get a 
well-defined result with the help of certain additional operations, 
from which we can get general information about the calculations 
performed.
Since quantum computers are currently quite complex in design 
and not available for general use, one has to resort to emulating  
quantum algorithms on a classical computer to study them. A large 
number of quantum emulators have been created by now1 [1]-[9], 
including the developments of such companies as Microsoft2 and 
IBM3, which even allow you to run algorithms on real quantum com-
puters. However, it is useful to understand how an emulator works 
at a basic level for better understanding of this area.
Recently, computers based on the so-called “qudits”, that is, multi-
dimensional qubits, have become quite promising [10]-[19]. These 
are quantum systems that have not two, but three (qutrits) or more 
states. Qudits allow much fewer quantum systems to encode the 
same information, and therefore are a possible solution to the main 
problem of modern quantum computers ‒ their instability. In May 
2022, a group of scientists from the Russian Quantum Center re-
ceived a patent for the physical implementation of a quantum com-
puter based on qudits4.
In this article, we will try to outline the main ideas of quantum 
computing, demonstrate them on the example of one of the first 
quantum algorithms, and then consolidate them using a simple em-
ulation of a quantum computer on qubits and qudits in the Python 
language. The simplicity of the emulator will allow it to be used on 
normal personal computers, regardless of any additional software, 
and will make it available everywhere.

1 Boev A.S., Lvovsky A.I., Semenov A.M., et al. PolySimCIM Quantum Computing Software Emulator. Patent RF, no. 2021619034, 2021. Available at: https://www.elibrary.
ru/item.asp?ysclid=lbo3rtj71q803318987&id=46313237 (accessed 16.03.2022). (In Russ.)
2 Azure Quantum [Electronic resource]. 2022. Available at: https://azure.microsoft.com/ru-ru/services/quantum/#overview (accessed 16.03.2022). (In Russ.)
3 Open-Source Quantum Development. Qiskit [Electronic resource]. 2022. Available at: https://qiskit.org (accessed 16.03.2022). (In Eng.)
4 Patrakova A. Scientists from Russia patented a new quantum processor architecture. CNews [Electronic resource]. 26.05.2022. Available at: https://cnews.ru/link/
n549297 (accessed 16.03.2022). (In Russ.)
5 Nielsen M.A., Chuang I.L. Quantum Computation and Quantum Information. 10th ed. Cambridge University Press; 2011. 702 p. (In Eng.)
6 Landau L.D., Lifshitz L.M. Quantum Mechanics: Non-Relativistic Theory. 3rd ed. Butterworth-Heinemann; 1981. 689 p. (In Eng.); Griffiths D.J. Introduction to quantum 
mechanics. Upper Saddle River, NJ: Pearson Prentice Hall; 2005. (In Eng.)
7 Hughes C., Isaacson J., Perry A., Sun R.F., Turner, J. Quantum Computing for the Quantum Curious. Springer, Cham; 2021. 150 p. (In Eng.) doi: https://doi.
org/10.1007/978-3-030-61601-4

Qubits and operations on them

A qubit is a quantum system that has two possible measurable 
states5. These states are referred as  and . The superposition princi-
ple6 states that a qubit can also be in a linear combination of states 
, where  and  are complex numbers [20]-[23]. Thus, the set of states 
of a qubit lies in a two-dimensional complex linear space, and for 
their designation, we can use the matrix notation

Then

When measuring a qubit in this state, the result can still be only  
and , and it is impossible to predict in advance which state will be 
measured. The only available information is the probabilities of ob-
taining different results, equal to  and  for  and  respectively ( is 
a complex  conjugate of ). The state of the qubit changes to corre-
spond to the result of the measurement. Since nothing but  and can 
be measured, the condition  is imposed on  and .
Any qubit state transformations are given by a linear operator7. 

.

 Let  and  be two states of a qubit. We define their scalar product in 
the following formula 

where  is the operation of vector transposition and complex conju-
gation of its components. For any state  
Let us define , then 

The operator  is said to be conjugate to the operator . After any 
transformation , the following equality must hold: 

which is obviously true if the operator is unitary, that is . Therefore, 
all operators which we will deal with are unitary.
The simplest and at the same time quite common example of such 

ubits a nd ope rations on them

A qubit is a quantum system that has two possible measurable 
states5. These states are referred as |0⟩ and |1⟩. The superposition 
principle6 states that a qubit can also be in a linear combination of 
states |𝜓𝜓𝜓𝜓⟩ = 𝑎𝑎𝑎𝑎|0⟩ + 𝑏𝑏𝑏𝑏|1⟩, where 𝑎𝑎𝑎𝑎 and  𝑏𝑏𝑏𝑏 are complex numbers 
[20]-[23]. Thus, the set of states of a qubit lies in a two-
dimensional complex linear space, and for their designation, we 
can use the matrix notation 

 
|𝜓𝜓𝜓𝜓⟩ =  �𝑎𝑎𝑎𝑎𝑏𝑏𝑏𝑏�. 

 
 
Then 
 

|0⟩ =  �1
0�  и |1⟩ =  �0

1�. 
 
When measuring a qubit in this state, the result can still be 

only |0⟩ and |1⟩, and it is impossible to predict in advance which 
state will be measured. The only available information is the 
probabilities of obtaining different results, equal to 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎∗ = |𝑎𝑎𝑎𝑎|2 
and 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏∗ = |𝑏𝑏𝑏𝑏|2 for |0⟩ and |1⟩ respectively (𝑎𝑎𝑎𝑎∗ is a complex  
conjugate of 𝑎𝑎𝑎𝑎). The state of the qubit changes to correspond to 
the result of the measurement. Since nothing but |0⟩ and |1⟩ can 
be measured, the condition |𝑎𝑎𝑎𝑎|2 + |𝑏𝑏𝑏𝑏|2 = 1 is imposed on 𝑎𝑎𝑎𝑎 and 𝑏𝑏𝑏𝑏. 

Any qubit state transformations are given by a linear 
operator7.  

 
𝐴̂𝐴𝐴𝐴 =  �

𝑎𝑎𝑎𝑎11 𝑎𝑎𝑎𝑎12
𝑎𝑎𝑎𝑎21 𝑎𝑎𝑎𝑎22�. 

 
 Let |𝜓𝜓𝜓𝜓⟩ = 𝑎𝑎𝑎𝑎|0⟩ + 𝑏𝑏𝑏𝑏|1⟩ and |𝜙𝜙𝜙𝜙⟩ = 𝑐𝑐𝑐𝑐|0⟩ + 𝑑𝑑𝑑𝑑|1⟩ be two states of a 

qubit. We define their scalar product in the following formula  
 

⟨𝜓𝜓𝜓𝜓|𝜙𝜙𝜙𝜙⟩ = |𝜓𝜓𝜓𝜓⟩†|𝜙𝜙𝜙𝜙⟩ = (𝑎𝑎𝑎𝑎∗ 𝑏𝑏𝑏𝑏∗) �
𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑� = 𝑎𝑎𝑎𝑎∗𝑐𝑐𝑐𝑐 +  𝑏𝑏𝑏𝑏∗𝑑𝑑𝑑𝑑,  

 
where |𝜓𝜓𝜓𝜓⟩† is the operation of vector transposition and complex 
conjugation of its components. For any state |𝜓𝜓𝜓𝜓⟩  ⟨𝜓𝜓𝜓𝜓|𝜓𝜓𝜓𝜓⟩ = 1.  

Let us define �𝐴̂𝐴𝐴𝐴𝜓𝜓𝜓𝜓⟩ =  𝐴̂𝐴𝐴𝐴�𝜓𝜓𝜓𝜓⟩, then |𝐴̂𝐴𝐴𝐴𝜓𝜓𝜓𝜓�† =  ⟨𝜓𝜓𝜓𝜓|𝐴̂𝐴𝐴𝐴†.  
 

�𝐴̂𝐴𝐴𝐴𝜓𝜓𝜓𝜓|𝜙𝜙𝜙𝜙⟩ =  ⟨𝜓𝜓𝜓𝜓|𝐴̂𝐴𝐴𝐴†|𝜙𝜙𝜙𝜙� =  ⟨𝜓𝜓𝜓𝜓|𝐴̂𝐴𝐴𝐴†𝜙𝜙𝜙𝜙�. 
 
The operator 𝐴̂𝐴𝐴𝐴† is said to be conjugate to the operator 𝐴̂𝐴𝐴𝐴. After 

any transformation 𝐴̂𝐴𝐴𝐴, the following equality must hold:  
 

1 =  �𝐴̂𝐴𝐴𝐴𝜓𝜓𝜓𝜓|𝐴̂𝐴𝐴𝐴𝜓𝜓𝜓𝜓� =  ⟨𝜓𝜓𝜓𝜓�𝐴̂𝐴𝐴𝐴†𝐴̂𝐴𝐴𝐴�𝜓𝜓𝜓𝜓�,  

5 Nielsen M.A., Chuang I.L. Quantum Computation and Quantum 
Information. 10th ed. Cambridge University Press; 2011. 702 p. (In Eng.)
6 Landau L.D., Lifshitz L.M. Quantum Mechanics: Non-Relativistic 
Theory. 3rd ed. Butterworth-Heinemann; 1981. 689 p. (In Eng.); Griffiths 
D.J. Introduction to quantum mechanics. Upper Saddle River, NJ: Pearson 
Prentice Hall; 2005. (In Eng.)
7 Hughes C., Isaacson J., Perry A., Sun R.F., Turner, J. Quantum 
Computing for the Quantum Curious. Springer, Cham; 2021. 150 p. (In 
Eng.) doi: https://doi.org/10.1007/978-3-030-61601-4
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operator is

Since  and ,  is called an analogue of the classical negation operation 
(NOT gate).
The Hadamard gate is another important operator.

It converts “pure” states into a “superposition” states and vice ver-
sa:

I.	 Systems of several qubits
Let us have two qubits in the states  and  The general state of the 
system can be specified using the Kronecker product:

Shorthand notation  is also used. For example, the probability of 
finding a system in a state  is equal to  (probabilities are multiplied). 
However, according to the principle of superposition, any linear 
combination of initial states is permissible, therefore, in the general 
case, the state vector cannot be decomposed into the product of the 
states of individual qubits. There is a correlation between measure-
ments of individual qubits.
What do operators acting on pairs of qubits look like? Let  be the 
operator acting on the first qubit and  – the operator acting on the 
second one. Then

An important example of an operator acting on two qubits is , also 
called CNOT (Controlled NOT) gate. As the name suggests, it applies 
NOT gate depending on the state of the qubits. Namely, if the first 
qubit is in the state  CNOT does nothing, but if the state of the first 
qubit is  the NOT operation is applied to the second one. Let us write 
an expression for 

A system of two qubits can be brought into the so-called “entangled 
state” using the operators  and : 

In this state, the measurement of one qubit completely determines 
the state of the other, which can lead to interesting consequences.

II.	 The Deutsch-Jozsa algorithm
Now let us consider the simplest quantum algorithm, which is also 
one of the first, the Deutsch-Jozsa algorithm [24]. The Deutsch-Joz-
sa algorithm solves a rather artificial problem, but it clearly demon-
strates the advantages of quantum computers and the basic princi-
ples of their operation.
Let a Boolean function of one variable  be given: . The main idea of 
the problem is to determine whether the function is constant or not. 
A classical computer has to compute both values of the function, 
therefore two computations are needed, but a quantum computer 
needs to compute it only once. It may seem that one saved computa-
tion is not much. This is true, but there is a simple generalization of 
this problem to the case of a function of many variables. As the num-
ber of variables increases, the number of computations required for 
a classical computer grows exponentially, while a quantum comput-
er still requires only one computation.
Now let us consider only the simple case with one variable.
It can be shown that for any function  there exists a unitary oper-
ator  that takes the system from a pure state   to the state , which 
is comparable in complexity to one computation of  on a classical 
computer. Here the operation  denotes addition modulo 2.
Let us prepare our system in the state , then apply the Hadamard 
gate to each qubit.

Now we apply the operator 

It can be noticed that

 If , the state does not change, otherwise it just changes its sign. A 
similar transformation is also valid for . Thus, we get:

 is even if , and is odd if . With a constant function  the first qubit is 
in the state  and, when the Hadamard gate is applied, goes into the 
state For  the first qubit is in the state  and goes into the state . Thus, 
if we apply the  operator to our system, and then measure the state 
of the first qubit, we are guaranteed to know whether the function 

 
 

which is obviously true if the operator is unitary, that is 𝐴̂𝐴𝐴𝐴† =  𝐴̂𝐴𝐴𝐴−1. 
Therefore, all operators which we will deal with are unitary. 

The simplest and at the same time quite common example of 
such operator is 

 
𝑋𝑋𝑋𝑋� =  �0 1

1 0�. 
 
Since 𝑋𝑋𝑋𝑋�|0⟩ =  |1⟩ and 𝑋𝑋𝑋𝑋�|1⟩ =  |0⟩, 𝑋𝑋𝑋𝑋� is called an analogue of the 

classical negation operation (NOT gate). 
The Hadamard gate is another important operator. 
 

𝐻𝐻𝐻𝐻� =
1
√2

�1 1
1 −1�. 

 
It converts “pure” states into a “superposition” states and vice 

versa: 
 

𝐻𝐻𝐻𝐻�|0⟩ =
1
√2

(|0⟩ + |1⟩), 

 

  𝐻𝐻𝐻𝐻�|1⟩ =
1
√2

(|0⟩ − |1⟩),   

 

𝐻𝐻𝐻𝐻�𝐻𝐻𝐻𝐻� =
1
2 �

1 1
1 −1� �

1 1
1 −1� =

1
2 �

2 0
0 2� =  𝐼𝐼𝐼𝐼, 

 
      𝐻𝐻𝐻𝐻�−1 = 𝐻𝐻𝐻𝐻�. 

 
 

Systems of several qubits 
Let us have two qubits in the states |𝜓𝜓𝜓𝜓1⟩ = �𝑎𝑎𝑎𝑎𝑏𝑏𝑏𝑏� and |𝜓𝜓𝜓𝜓2⟩ =

�𝑐𝑐𝑐𝑐𝑑𝑑𝑑𝑑�. The general state of the system can be specified using the 
Kronecker product: 

 

|𝜓𝜓𝜓𝜓1⟩ ⊗ |𝜓𝜓𝜓𝜓2⟩ =  �
𝑎𝑎𝑎𝑎 �𝑐𝑐𝑐𝑐𝑑𝑑𝑑𝑑�

𝑏𝑏𝑏𝑏 �𝑐𝑐𝑐𝑐𝑑𝑑𝑑𝑑�
� =  �

𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐
𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑
𝑏𝑏𝑏𝑏𝑐𝑐𝑐𝑐
𝑏𝑏𝑏𝑏𝑑𝑑𝑑𝑑
�. 

 
Shorthand notation |𝜓𝜓𝜓𝜓1⟩ ⊗ |𝜓𝜓𝜓𝜓2⟩ =  |𝜓𝜓𝜓𝜓1⟩|𝜓𝜓𝜓𝜓2⟩ =  |𝜓𝜓𝜓𝜓1,𝜓𝜓𝜓𝜓2⟩ is 

also used. For example, the probability of finding a system in a 
state |0⟩ ⊗ |0⟩ =  |00⟩ is equal to |𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐|2 = |𝑎𝑎𝑎𝑎|2 |𝑐𝑐𝑐𝑐|2 (probabilities 
are multiplied). However, according to the principle of 
superposition, any linear combination of initial states is 
permissible, therefore, in the general case, the state vector cannot 
be decomposed into the product of the states of individual qubits. 
There is a correlation between measurements of individual 
qubits. 

What do operators acting on pairs of qubits look like? Let А� be 
the operator acting on the first qubit and 𝐵𝐵𝐵𝐵�  – the operator acting 
on the second one. Then 

 
А�|𝜓𝜓𝜓𝜓1⟩ ⊗ 𝐵𝐵𝐵𝐵� |𝜓𝜓𝜓𝜓2� = �А� ⊗  𝐵𝐵𝐵𝐵��(|𝜓𝜓𝜓𝜓1⟩ ⊗ |𝜓𝜓𝜓𝜓2⟩),  

 

А� ⊗  𝐵𝐵𝐵𝐵� = �
𝑎𝑎𝑎𝑎11 �

𝑏𝑏𝑏𝑏11 𝑏𝑏𝑏𝑏12
𝑏𝑏𝑏𝑏21 𝑏𝑏𝑏𝑏22

� 𝑎𝑎𝑎𝑎12 �
𝑏𝑏𝑏𝑏11 𝑏𝑏𝑏𝑏12
𝑏𝑏𝑏𝑏21 𝑏𝑏𝑏𝑏22

�

𝑎𝑎𝑎𝑎21 �
𝑏𝑏𝑏𝑏11 𝑏𝑏𝑏𝑏12
𝑏𝑏𝑏𝑏21 𝑏𝑏𝑏𝑏22

� 𝑎𝑎𝑎𝑎22 �
𝑏𝑏𝑏𝑏11 𝑏𝑏𝑏𝑏12
𝑏𝑏𝑏𝑏21 𝑏𝑏𝑏𝑏22

�
� = 

 

=  �

𝑎𝑎𝑎𝑎11𝑏𝑏𝑏𝑏11 𝑎𝑎𝑎𝑎11𝑏𝑏𝑏𝑏12
𝑎𝑎𝑎𝑎11𝑏𝑏𝑏𝑏21 𝑎𝑎𝑎𝑎11𝑏𝑏𝑏𝑏22

𝑎𝑎𝑎𝑎12𝑏𝑏𝑏𝑏11 𝑎𝑎𝑎𝑎12𝑏𝑏𝑏𝑏12
𝑎𝑎𝑎𝑎12𝑏𝑏𝑏𝑏21 𝑎𝑎𝑎𝑎12𝑏𝑏𝑏𝑏22

𝑎𝑎𝑎𝑎21𝑏𝑏𝑏𝑏11 𝑎𝑎𝑎𝑎21𝑏𝑏𝑏𝑏12
𝑎𝑎𝑎𝑎21𝑏𝑏𝑏𝑏21 𝑎𝑎𝑎𝑎21𝑏𝑏𝑏𝑏22

𝑎𝑎𝑎𝑎22𝑏𝑏𝑏𝑏11 𝑎𝑎𝑎𝑎22𝑏𝑏𝑏𝑏12
𝑎𝑎𝑎𝑎22𝑏𝑏𝑏𝑏21 𝑎𝑎𝑎𝑎22𝑏𝑏𝑏𝑏22

�. 

 
An important example of an operator acting on two qubits is 

𝐶𝐶𝐶𝐶𝑋𝑋𝑋𝑋� , also called CNOT (Controlled NOT) gate. As the name suggests, 
it applies NOT gate depending on the state of the qubits. Namely, 
if the first qubit is in the state |0⟩ CNOT does nothing, but if the 
state of the first qubit is |1⟩,  the NOT operation is applied to the 
second one. Let us write an expression for 𝐶𝐶𝐶𝐶𝑋𝑋𝑋𝑋� : 

𝐶𝐶𝐶𝐶𝑋𝑋𝑋𝑋� =  �1 0
0 0� ⊗ 𝐼𝐼𝐼𝐼 + �0 0

0 1� ⊗  𝑋𝑋𝑋𝑋� =  �
1 0
0 1

0 0
0 0

0 0
0 0

0 1
1 0

�.  

 
A system of two qubits can be brought into the so-called 

“entangled state” using the operators 𝐻𝐻𝐻𝐻� and 𝐶𝐶𝐶𝐶𝑋𝑋𝑋𝑋� :  
 

𝐻𝐻𝐻𝐻� ⊗ 𝐼𝐼𝐼𝐼|00⟩ =
1
√2

�
1 0
0 1

1 0
0 1

1 0
0 1

−1 0
0 −1

��
1
0
0
0

� =
1
√2

�
1
0
1
0

� = 

 
=  |𝜓𝜓𝜓𝜓⟩, 

 

𝐶𝐶𝐶𝐶𝑋𝑋𝑋𝑋� |𝜓𝜓𝜓𝜓⟩ =  �
1 0
0 1

0 0
0 0

0 0
0 0

0 1
1 0

�
1
√2

�
1
0
1
0

� =  
1
√2

�
1
0
0
1

� = 

=  
1
√2

(|00⟩ + |11⟩). 

 
In this state, the measurement of one qubit completely 

determines the state of the other, which can lead to interesting 
consequences. 

 
 

The Deutsch-Jozsa algorithm 
Now let us consider the simplest quantum algorithm, which is 

also one of the first, the Deutsch-Jozsa algorithm [24]. The 
Deutsch-Jozsa algorithm solves a rather artificial problem, but it 
clearly demonstrates the advantages of quantum computers and 
the basic principles of their operation. 

Let a Boolean function of one variable 𝑓𝑓𝑓𝑓 be given: 𝑓𝑓𝑓𝑓: {0; 1}  →
 {0; 1}. The main idea of the problem is to determine whether the 
function is constant or not. A classical computer has to compute 
both values of the function, therefore two computations are 
needed, but a quantum computer needs to compute it only once. 
It may seem that one saved computation is not much. This is true, 
but there is a simple generalization of this problem to the case of 
a function of many variables. As the number of variables increases, 
the number of computations required for a classical computer 
grows exponentially, while a quantum computer still requires 
only one computation. 
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F i g. 1. Computation scheme 
 
First, let us import the required libraries. 
 

import numpy as np 
import matplotlib.pyplot as plt 
import itertools as it 
 

The numpy library allows us to effectively handle vectors and 
matrices, itertools increases the efficiency of working with loops, 
and with the help of matplotlib we can display the results of 
measurements. 

All information about our algorithm will be stored in the 
object of QuantumCircuit class 

 
class QuantumCircuit: 
    def __init__(self, nq, nb): 
        self.nq = nq 
        self.nb = nb 
        zero = np.array([1, 0]) 
        self.initial_state = np.tile(zero, (nq, 1)) 
        self.qbits = np.array([]) 
        self.final_state = np.array([]) 
        self.bits = 0 
        self.measurements = [] 
        self.results = np.zeros(2 ** self.nb) 
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F i g. 1. Computation scheme

First, let us import the required libraries.

import numpy as np 
import matplotlib.pyplot as plt
import itertools as it

The numpy library allows us to effectively handle vectors and ma-
trices, itertools increases the efficiency of working with loops, and 
with the help of matplotlib we can display the results of measure-
ments.
All information about our algorithm will be stored in the object of 
QuantumCircuit class

class QuantumCircuit: 
    def __init__(self, nq, nb): 
        self.nq = nq 
        self.nb = nb 
        zero = np.array([1, 0]) 
        self.initial_state = np.tile(zero, (nq, 1)) 
        self.qbits = np.array([]) 
        self.final_state = np.array([]) 
        self.bits = 0 
        self.measurements = [] 
        self.results = np.zeros(2 ** self.nb)

The parameters and determine the number of qubits and classical 
bits in which the results of measurements of qubits are stored. The 

Now let us consider only the simple case with one variable. 
It can be shown that for any function 𝑓𝑓𝑓𝑓 there exists a unitary 

operator 𝑈𝑈𝑈𝑈�𝑓𝑓𝑓𝑓, that takes the system from a pure state  |𝑥𝑥𝑥𝑥⟩|𝑦𝑦𝑦𝑦⟩ to the 
state |𝑥𝑥𝑥𝑥⟩|𝑦𝑦𝑦𝑦⊕ 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥)⟩, which is comparable in complexity to one 
computation of 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥) on a classical computer. Here the operation 
⊕ denotes addition modulo 2. 

Let us prepare our system in the state |0⟩|1⟩, then apply the 
Hadamard gate to each qubit. 

 

𝐻𝐻𝐻𝐻� ⊗𝐻𝐻𝐻𝐻�|0⟩|1⟩ =
1
2

(|0⟩ + |1⟩)(|0⟩ − |1⟩).  
 
Now we apply the operator 𝑈𝑈𝑈𝑈�𝑓𝑓𝑓𝑓 
 

𝑈𝑈𝑈𝑈�𝑓𝑓𝑓𝑓 �
1
2

(|0⟩ +  |1⟩)(|0⟩ − |1⟩)� = 

=
1
2𝑈𝑈𝑈𝑈
�𝑓𝑓𝑓𝑓�|0⟩(|0⟩ − |1⟩) +  |1⟩(|0⟩ − |1⟩)� = 

=
1
2
�|0⟩(|0 ⊕𝑓𝑓𝑓𝑓(0)⟩ − |1 ⊕𝑓𝑓𝑓𝑓(0)⟩)� +  

+
1
2

(|1⟩(|0⊕𝑓𝑓𝑓𝑓(1)⟩ − |1 ⊕𝑓𝑓𝑓𝑓(1)⟩)). 
 
It can be noticed that 
 

|0 ⊕𝑓𝑓𝑓𝑓(0)⟩ − |1 ⊕𝑓𝑓𝑓𝑓(0)⟩ = (−1)𝑓𝑓𝑓𝑓(0)(|0⟩ − |1⟩). 
 
 If 𝑓𝑓𝑓𝑓(0) = 0, the state does not change, otherwise it just 

changes its sign. A similar transformation is also valid for 𝑓𝑓𝑓𝑓(1). 
Thus, we get: 

 
1
2 �

(−1)𝑓𝑓𝑓𝑓(0)|0�(|0⟩ − |1⟩) +  (−1)𝑓𝑓𝑓𝑓(1)|1⟩(|0⟩ − |1⟩)� = 

=  
1
2
�(−1)𝑓𝑓𝑓𝑓(0)|0� + (−1)𝑓𝑓𝑓𝑓(1)|1⟩�(|0⟩ − |1⟩) = 

=  
1
2

(−1)𝑓𝑓𝑓𝑓(0)�|0⟩ +  (−1)𝑓𝑓𝑓𝑓(0)+𝑓𝑓𝑓𝑓(1)|1⟩�(|0⟩ − |1⟩)  
 

𝑓𝑓𝑓𝑓(0) + 𝑓𝑓𝑓𝑓(1) is even if 𝑓𝑓𝑓𝑓(0) = 𝑓𝑓𝑓𝑓(1), and is odd if 𝑓𝑓𝑓𝑓(0) ≠ 𝑓𝑓𝑓𝑓(1). With 
a constant function 𝑓𝑓𝑓𝑓 the first qubit is in the state 1

√2
(|0⟩ + |1⟩) 

and, when the Hadamard gate is applied, goes into the state |0⟩. 
For 𝑓𝑓𝑓𝑓(0) ≠ 𝑓𝑓𝑓𝑓(1) the first qubit is in the state 1

√2
(|0⟩ − |1⟩) and 

goes into the state |1⟩. Thus, if we apply the 𝐻𝐻𝐻𝐻� ⊗ 𝐼𝐼𝐼𝐼 operator to our 
system, and then measure the state of the first qubit, we are 
guaranteed to know whether the function is constant. 

Emulation of a quantum computer 
Of course, the point of creating a quantum computer is to 

implement algorithms that a classical computer is not able to 
efficiently perform. However, an emulator is still a useful tool in 
the study of quantum algorithms. An emulator makes it possible 
to test small algorithms using commonly available tools - ordinary 
computers. 

We use the Python programming language because of its 
simplicity, clarity, as well as a large number of libraries that can 
simplify our work. Python is one of the most widely used 
languages at the moment, including the field of quantum 
computing. 

 

 
 

F i g. 1. Computation scheme 
 
First, let us import the required libraries. 
 

import numpy as np 
import matplotlib.pyplot as plt 
import itertools as it 
 

The numpy library allows us to effectively handle vectors and 
matrices, itertools increases the efficiency of working with loops, 
and with the help of matplotlib we can display the results of 
measurements. 

All information about our algorithm will be stored in the 
object of QuantumCircuit class 

 
class QuantumCircuit: 
    def __init__(self, nq, nb): 
        self.nq = nq 
        self.nb = nb 
        zero = np.array([1, 0]) 
        self.initial_state = np.tile(zero, (nq, 1)) 
        self.qbits = np.array([]) 
        self.final_state = np.array([]) 
        self.bits = 0 
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initial state of the system is stored in the variable initial_state as 
separate qubits so that they can be easily changed individually. By 
default, each qubit is in the state . The general state of the system 
after applying operators is stored in the final_state vector, a copy of 
the final state, over which measurements are made, is stored in the 
qubits vector, and the measurement results are stored in bits. The 
measuremets list contains information about all the measurements 
that will be taken after operators have been applied. Since, in gen-
eral, the result of a quantum algorithm is probabilistic, it is useful to 
measure the final state of the qubits multiple times to find out the 
distribution of possible outcomes. The frequency of occurrence of 
each result is stored in a results vector.
Now let us describe the class methods required for computations.
set_initial_state(qbit, state) allows you to set an initial state for each 
qubit, which is then applied using the reset_state() function.

def set_initial_state(self, qudit, state): 
    if (abs(state) ** 2).sum() == 1: 
        self.initial_state[qudit] = state 
    else: 
        print(“Incorrect state”) 
 
def reset_state(self): 
    state = 1 
    for s in self.initial_state: 
        state = np.kron(state, s) 
    self.final_state = state 
    self.bits = 0

set_initial_state also checks the entered vector, the sum of the prob-
abilities must always be equal to one. The function np.kron(state, s) 
denotes the Kronecker product .
The apply_operator method multiplies the matrix of operator   and 
the state vector.

def apply_operator(self, A): 
        self.final_state = A @ self.final_state

An operator is often applied to one qubit, while the rest remain un-
changed. Let  be the number of the qubit we want to change (num-
bering starts from zero). Then the complete operator looks like this 

where  is identity matrix of size .
For this purpose, we create a method apply1(A, qbit). The variable 
qbit here denotes the number of the qubit to which the operator is 
applied.

def apply1(self, A, qbit): 
    I1 = np.identity(2**qbit) 
    I2 = np.identity(2 ** (self.nq - qbit - 1)) 
    B = np.kron(I1, A) 
    B = np.kron(B, I2) 
    self.apply_operator(B)

Let’s move on to the implementation of the measurement opera-
tion. The measurement function makes the measurement, and mea-

sure adds information about the desired measurement (the number 
of the measured qubit and the bit in which the result is written) to 
the list of measurements that will be carried out after the algorithm 
is executed.

def measurement(self, qbit, bit): 
    all = np.arange(2 ** self.nq) 
    indices1 = np.array([i for i in all if i & (2**qbit)], dtype=int) 
    indices0 = np.delete(all, np.isin(all, indices1)) # indices0 = all \ indices1 
    probability1 = (abs(self.qbits[indices1]) ** 2).sum() 
 
    if np.random.rand() < probability1: 
        self.qbits[indices1] /= np.sqrt(probability1) 
        self.qbits[indices0] = np.zeros(2 ** (self.nq - 1)) 
        self.bits = self.bits | 2**bit 
    else: 
        self.qbits[indices0] /= np.sqrt(1 - probability1) 
        self.qbits[indices1] = np.zeros(2 ** (self.nq - 1))
 
 
def measure(self, qbit, bit): 
    self.measurements.append([qbit, bit])

First, indices of coordinates of the state vector, in which the desired 
qubit is in the state   (indices1) or  (indices0) are selected, and the 
probability of finding the qubit in the state is calculated. For exam-
ple, if the system is in the state  and we need to measure the sec-
ond qubit, then . Next, the np.random.rand() function generates a 
random number in the interval , and depending on its output, the 
system collapses into one of two states, and the measurement result 
is written to the self.bits variable.
The run() method performs all measurements once and returns 
their results.

def run(self): 
    self.qbits = self.final_state 
    for m in self.measurements: 
        self.measurement(m[0], m[1]) 
    return self.bits

The simulate(num_of_iterations) method runs the algorithm a giv-
en number of times and returns the frequency of occurrence of each 
possible outcome.

def simulate(self, num_of_iterations): 
    self.results = np.zeros(2 ** self.nb) 
    for _ in range(num_of_iterations): 
        self.results[self.run()] += 1 
    self.results /= num_of_iterations 
    return self.results

The barplot() method plots the distribution of results. 

def barplot(self): 
    labels = [] # column names 
    for x in range(2 ** nb): 
        b = bin(x)[2:] # trims ‘0b’ at the beginning 
        b = ‘0’ * (nb - len(b)) + b # length alignment 

The parameters 𝑛𝑛𝑛𝑛𝑞𝑞𝑞𝑞  and 𝑛𝑛𝑛𝑛𝑏𝑏𝑏𝑏 determine the number of qubits 
and classical bits in which the results of measurements of qubits 
are stored. The initial state of the system is stored in the variable 
initial_state as separate qubits so that they can be easily changed 
individually. By default, each qubit is in the state |0⟩. The general 
state of the system after applying operators is stored in the 
final_state vector, a copy of the final state, over which 
measurements are made, is stored in the qubits vector, and the 
measurement results are stored in bits. The measuremets list 
contains information about all the measurements that will be 
taken after operators have been applied. Since, in general, the 
result of a quantum algorithm is probabilistic, it is useful to 
measure the final state of the qubits multiple times to find out the 
distribution of possible outcomes. The frequency of occurrence of 
each result is stored in a results vector. 

Now let us describe the class methods required for 
computations. 

set_initial_state(qbit, state) allows you to set an initial state for 
each qubit, which is then applied using the reset_state() function. 

 
def set_initial_state(self, qudit, state): 
    if (abs(state) ** 2).sum() == 1: 
        self.initial_state[qudit] = state 
    else: 
        print("Incorrect state") 
 
def reset_state(self): 
    state = 1 
    for s in self.initial_state: 
        state = np.kron(state, s) 
    self.final_state = state 
    self.bits = 0 

 
set_initial_state also checks the entered vector, the sum of the 

probabilities must always be equal to one. The function 
np.kron(state, s) denotes the Kronecker product |𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑎𝑎𝑎𝑎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠⟩⊗ |𝑠𝑠𝑠𝑠⟩. 

The apply_operator method multiplies the matrix of operator  
𝐴̂𝐴𝐴𝐴 and the state vector. 

 
def apply_operator(self, A): 
        self.final_state = A @ self.final_state 

 
An operator is often applied to one qubit, while the rest 

remain unchanged. Let 𝑛𝑛𝑛𝑛 be the number of the qubit we want to 
change (numbering starts from zero). Then the complete operator 
looks like this  

 
𝐶̂𝐶𝐶𝐶 =   

 
𝐼𝐼𝐼𝐼 ⊗ 𝐼𝐼𝐼𝐼 ⊗ …⊗ 𝐼𝐼𝐼𝐼�����������

𝑛𝑛𝑛𝑛 

⊗ 𝐴̂𝐴𝐴𝐴⊗
 

𝐼𝐼𝐼𝐼 ⊗ 𝐼𝐼𝐼𝐼 ⊗ …⊗ 𝐼𝐼𝐼𝐼�����������
𝑛𝑛𝑛𝑛𝑞𝑞𝑞𝑞 − 𝑛𝑛𝑛𝑛 − 1

=  𝐼𝐼𝐼𝐼𝑛𝑛𝑛𝑛 ⊗ 𝐴̂𝐴𝐴𝐴 ⊗ 𝐼𝐼𝐼𝐼𝑛𝑛𝑛𝑛𝑞𝑞𝑞𝑞,
 

 

 
where 𝐼𝐼𝐼𝐼𝑘𝑘𝑘𝑘 is identity matrix of size 2𝑘𝑘𝑘𝑘 × 2𝑘𝑘𝑘𝑘 . 

For this purpose, we create a method apply1(A, qbit). The 
variable qbit here denotes the number of the qubit to which the 
operator is applied. 

 
def apply1(self, A, qbit): 
    I1 = np.identity(2**qbit) 
    I2 = np.identity(2 ** (self.nq - qbit - 1)) 
    B = np.kron(I1, A) 

    B = np.kron(B, I2) 
    self.apply_operator(B) 

 
Let's move on to the implementation of the measurement 

operation. The measurement function makes the measurement, 
and measure adds information about the desired measurement 
(the number of the measured qubit and the bit in which the result 
is written) to the list of measurements that will be carried out 
after the algorithm is executed. 

 
def measurement(self, qbit, bit): 
    all = np.arange(2 ** self.nq) 
    indices1 = np.array([i for i in all if i & (2**qbit)], dtype=int) 
    indices0 = np.delete(all, np.isin(all, indices1)) # indices0 = all \ 
indices1 
    probability1 = (abs(self.qbits[indices1]) ** 2).sum() 
 
    if np.random.rand() < probability1: 
        self.qbits[indices1] /= np.sqrt(probability1) 
        self.qbits[indices0] = np.zeros(2 ** (self.nq - 1)) 
        self.bits = self.bits | 2**bit 
    else: 
        self.qbits[indices0] /= np.sqrt(1 - probability1) 
        self.qbits[indices1] = np.zeros(2 ** (self.nq - 1)) 
 
 
def measure(self, qbit, bit): 
    self.measurements.append([qbit, bit]) 

 
First, indices of coordinates of the state vector, in which the 

desired qubit is in the state  |1⟩ (indices1) or |0⟩ (indices0) are 
selected, and the probability of finding the qubit in the state |1⟩ is 
calculated. For example, if the system is in the state |𝜓𝜓𝜓𝜓⟩ = 𝑎𝑎𝑎𝑎|00⟩ +
𝑏𝑏𝑏𝑏|01⟩ + 𝑐𝑐𝑐𝑐|10⟩ + 𝑑𝑑𝑑𝑑|11⟩ and we need to measure the second qubit, 
then 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠1 = |𝑏𝑏𝑏𝑏|2 + |𝑑𝑑𝑑𝑑|2. Next, the np.random.rand() 
function generates a random number in the interval [0; 1], and 
depending on its output, the system collapses into one of two 
states, and the measurement result is written to the self.bits 
variable. 

The run() method performs all measurements once and 
returns their results. 

 
def run(self): 
    self.qbits = self.final_state 
    for m in self.measurements: 
        self.measurement(m[0], m[1]) 
    return self.bits 

 
The simulate(num_of_iterations) method runs the algorithm a 

given number of times and returns the frequency of occurrence of 
each possible outcome. 

 
def simulate(self, num_of_iterations): 
    self.results = np.zeros(2 ** self.nb) 
    for _ in range(num_of_iterations): 
        self.results[self.run()] += 1 
    self.results /= num_of_iterations 
    return self.results 
 
The barplot() method plots the distribution of results.  



461EDUCATIONAL RESOURCES AND BEST PRACTICES OF IT-EDUCATIONA. S. Andreev, 
P. V. Khrapov

Vol. 18, No. 2. 2022          ISSN 2411-1473          sitito.cs.msu.ru
Modern
Information
Technologies
and IT-Education

        labels += [b]
    plt.bar(labels, self.results)
    plt.show()

Now let us create functions which apply the most common opera-
tors. This is quite simple for operators acting on a single qubit.

def h(self, qbit): # the Hadamard operator
    H = np.array([[1, 1], [1, -1]]) / np.sqrt(2)
    self.apply1(H, qbit)

def x(self, qbit): # the X operator
    X = np.array([[0, 1], [1, 0]])
    self.apply1(X, qbit)

The case with the operator  is more interesting. Let the number of 
the controlling qubit  be less than the number of the qubit we want 
to transform. Then

In the case of ,  the calculations are similar

def cx(self, q1, q2):
    X = np.array([[0, 1], [1, 0]])
    outer00 = np.diag([1, 0])
    outer11 = np.diag([0, 1])
    B1 = np.kron(np.identity(2 ** q1), outer00)
    B1 = np.kron(B1, np.identity(2 ** (self.nq - q1 - 1)))
    if q1 < q2:
        B2 = np.kron(np.identity(2**q1), outer11)
        B2 = np.kron(B2, np.identity(2**(self.nq-q1+q2-1)))
        B2 = np.kron(B2, X)
        B2 = np.kron(B2, np.identity(2**(self.nq-q2-1)))
    else:
        B2 = np.kron(np.identity(2 ** q2), X)
        B2 = np.kron(B2, np.identity(2 ** (self.nq - q2 + q1 - 1)))
        B2 = np.kron(B2, outer11)
        B2 = np.kron(B2, np.identity(2 ** (self.nq - q1 - 1)))
    B = B1 + B2
    self.apply_operator(B)

Now our compiler has all the basic features of a quantum computer. 
If needed, more operators can be added later.

IV. Implementation of the Deutsch-Jozsa algorithm
Let us begin implementing the Deutsch–Jozsa algorithm. First, for 
each function  we need to define operators , transforming   into   .
Using create_operator(f) we can create the desired operator from 
the vector f that corresponds to function  (f[x] ).

def create_operator(f):
    Uf = np.zeros((4, 4))

    for i, j in it.product(range(2), repeat=2):

F i g. 2. Result of the Deutsch-Jozsa algorithm for a non-constant function

 
def barplot(self): 
    labels = [] # column names 
    for x in range(2 ** nb): 
        b = bin(x)[2:] # trims '0b' at the beginning 
        b = '0' * (nb - len(b)) + b # length alignment 
        labels += [b] 
    plt.bar(labels, self.results) 
    plt.show() 
 

Now let us create functions which apply the most common 
operators. This is quite simple for operators acting on a single 
qubit. 

 
def h(self, qbit): # the Hadamard operator 
    H = np.array([[1, 1], [1, -1]]) / np.sqrt(2) 
    self.apply1(H, qbit) 
 
def x(self, qbit): # the X operator 
    X = np.array([[0, 1], [1, 0]]) 
    self.apply1(X, qbit) 
 

The case with the operator 𝐶𝐶𝐶𝐶𝑋𝑋𝑋𝑋�  is more interesting. Let the 
number of the controlling qubit 𝑞𝑞𝑞𝑞1 be less than the number 𝑞𝑞𝑞𝑞2 of 
the qubit we want to transform. Then 

 
𝐶𝐶𝐶𝐶𝑋𝑋𝑋𝑋� =  𝐼𝐼𝐼𝐼𝑞𝑞𝑞𝑞1 ⊗ �1 0

0 0�⊗ 𝐼𝐼𝐼𝐼𝑛𝑛𝑛𝑛𝑞𝑞𝑞𝑞−𝑞𝑞𝑞𝑞1+𝑞𝑞𝑞𝑞2−1 ⊗ 𝐼𝐼𝐼𝐼 ⊗ 𝐼𝐼𝐼𝐼𝑛𝑛𝑛𝑛𝑞𝑞𝑞𝑞−𝑞𝑞𝑞𝑞2−1 + 

+  𝐼𝐼𝐼𝐼𝑞𝑞𝑞𝑞1 ⊗ �0 0
0 1� ⊗ 𝐼𝐼𝐼𝐼𝑛𝑛𝑛𝑛𝑞𝑞𝑞𝑞−𝑞𝑞𝑞𝑞1+𝑞𝑞𝑞𝑞2−1 ⊗  𝑋𝑋𝑋𝑋� ⊗ 𝐼𝐼𝐼𝐼𝑛𝑛𝑛𝑛𝑞𝑞𝑞𝑞−𝑞𝑞𝑞𝑞2−1

=  𝐼𝐼𝐼𝐼𝑛𝑛𝑛𝑛 ⊗ �1 0
0 0�⊗ 𝐼𝐼𝐼𝐼𝑛𝑛𝑛𝑛𝑞𝑞𝑞𝑞−𝑞𝑞𝑞𝑞1−1 + 

+ 𝐼𝐼𝐼𝐼𝑞𝑞𝑞𝑞1 ⊗ �0 0
0 1� ⊗ 𝐼𝐼𝐼𝐼𝑛𝑛𝑛𝑛𝑞𝑞𝑞𝑞−𝑞𝑞𝑞𝑞1+𝑞𝑞𝑞𝑞2−1 ⊗  𝑋𝑋𝑋𝑋� ⊗ 𝐼𝐼𝐼𝐼𝑛𝑛𝑛𝑛𝑞𝑞𝑞𝑞−𝑞𝑞𝑞𝑞2−1. 

 
In the case of 𝑞𝑞𝑞𝑞2 < 𝑞𝑞𝑞𝑞1,  the calculations are similar 
 

def cx(self, q1, q2): 
    X = np.array([[0, 1], [1, 0]]) 
    outer00 = np.diag([1, 0]) 
    outer11 = np.diag([0, 1]) 
    B1 = np.kron(np.identity(2 ** q1), outer00) 
    B1 = np.kron(B1, np.identity(2 ** (self.nq - q1 - 1))) 
    if q1 < q2: 
        B2 = np.kron(np.identity(2**q1), outer11) 
        B2 = np.kron(B2, np.identity(2**(self.nq-q1+q2-1))) 
        B2 = np.kron(B2, X) 
        B2 = np.kron(B2, np.identity(2**(self.nq-q2-1))) 
    else: 
        B2 = np.kron(np.identity(2 ** q2), X) 
        B2 = np.kron(B2, np.identity(2 ** (self.nq - q2 + q1 - 1))) 
        B2 = np.kron(B2, outer11) 
        B2 = np.kron(B2, np.identity(2 ** (self.nq - q1 - 1))) 
    B = B1 + B2 
    self.apply_operator(B) 
 
Now our compiler has all the basic features of a quantum 
computer. If needed, more operators can be added later. 
 
 
 

Implementation of the Deutsch-Jozsa 
algorithm 
Let us begin implementing the Deutsch–Jozsa algorithm. First, for 
each function 𝑓𝑓𝑓𝑓: {0; 1}  →  {0; 1} we need to define operators 𝐹𝐹𝐹𝐹�, 
transforming |𝑥𝑥𝑥𝑥⟩|𝑦𝑦𝑦𝑦⟩  into  |𝑥𝑥𝑥𝑥⟩|𝑦𝑦𝑦𝑦⊕ 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥)⟩ 𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦 ∈  {0; 1}. 

Using create_operator(f) we can create the desired operator 
from the vector f that corresponds to function 𝑓𝑓𝑓𝑓 (f[x] = 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥)). 

 
def create_operator(f): 
    Uf = np.zeros((4, 4)) 
    for i, j in it.product(range(2), repeat=2): 
        Uf[i*2 + (j + f[i]) % 2, i*2+j] = 1 
    return Uf 

 
Now let us create a function that implements the Deutsch–

Jozsa algorithm. 
 

def deutsch_algorithm(f): 
    nq = 2 
    nb = 1 
    qc = QuantumCircuit(nq, nb) 
    Uf = create_operator(f) 
    qc.set_initial_state(0, np.array([1, 0])) 
    qc.set_initial_state(1, np.array([0, 1])) 
    qc.reset_state() 
    qc.h(0) 
    qc.h(1) 
    qc.apply_operator(Uf) 
    qc.h(0) 
    qc.measure(0, 0) 
    qc.simulate(100) 
    qc.barplot() 
 

First, an object of the QuantumCircuit class is created, in which 
our algorithm will be stored. We only need two qubits and one bit 
for that. Then the system is initialized in the state |0⟩|1⟩  and the 
operators are applied, after which one hundred iterations 
(theoretically, one is enough, but it's better to be sure) are 
performed and the results are displayed.  

Let us run the program: 
 

f = [0, 1] 
deutsch_algorithm(f) 
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In 100% of cases, the first qubit is in the  state, which is expected 
for a non-constant function. If instead of the operator  we use the 
operator , we will see the opposite result.

g = [0, 0]
deutsch_algorithm(g)

F i g. 3. Result of the Deutsch-Jozsa algorithm for a constant function

V. Generalization of the Deutsch-Jozsa algorithm to qu-
dits
The Deutsch-Jozsa algorithm can be rather simply generalized to 
quantum computers using qudits. Qudits are d-dimensional ana-
logues of qubits, instead of two states  and  they have d different 
states , , , …, .The state of one qudit is described by a d-dimensional 
normalized complex vector.
The problem for the generalized algorithm is formulated as follows: 
a function , can be either constant or balanced, that is, each of the 
d values of the function appears the same number of times, and we 
are required to determine what type  belongs to [25]. We consider 
the simplest case with a function of one variable, so the condition 
of it being balanced is equivalent to being bijection, but this algo-
rithm can also be generalized to the case of functions of multiple 
variables.
This generalization has practically no differences from the original 
Deutsch–Jozsa algorithm in its structure. More complex operations 
for qudits, which are analogous to operations for qubits, are the 
only difference. We also need the operator  corresponding to the 
function  and taking the system from the pure state  to the state , 
where  now stands for addition modulo d.
First, let us consider a generalization of the Hadamard operator. It 
has the following form for a d-dimensional qudit:

where . It is more convenient to represent this operator as a sum of 
outer products of the form , which are linear operators. The action 
of such a linear operator on the vector  is quite intuitive: the vector  
is multiplied by the inner product .

Then

Let us apply   to the state  and to the state 

As in the original algorithm, we need two qudits in the state . Apply-
ing the operator  to each of them, we get

Now we apply the operator 

Addition of  in is equivalent to a shift of  coordinates by a constant  
(for a given ) number. Since , we can rewrite  as

Now, if , we can take the factor  out of the summation sign

Applying the operator  to the first qudit once again, we obtain

For  

For , we have

Thus, for a constant function , we have 

The factor  is called the global phase, its presence does not change 
the properties of the state in any way. When measuring the first qu-
dit, we will get  with one hundred percent probability.
If  is balanced, then after applying  to the first qudit, we will get

For , we have

since runs through all values in . Therefore, when measuring the 
first qudit, the probability of getting the state  is zero. We have 
proved that the output values of the algorithm on constant and bal-
anced functions do not intersect, and therefore we can always de-
termine the type of the function with one computation of it.
The result of the algorithm for a balanced function is generally not 
defined, since the coefficients for different  () are not necessarily 
equal to zero, but this does not affect the work of the algorithm.

F i g. 2 Result of the Deutsch-Jozsa algorithm for a non-constant 
function

In 100% of cases, the first qubit is in the |1⟩ state, which is 
expected for a non-constant function. If instead of the operator 𝐹𝐹𝐹𝐹�
we use the operator 𝐺𝐺𝐺𝐺�, we will see the opposite result.

Generalization of the Deutsch-Jozsa 
algorithm to qudits

The Deutsch-Jozsa algorithm can be rather simply generalized 
to quantum computers using qudits. Qudits are d-dimensional 
analogues of qubits, instead of two states |0⟩ and |1⟩ they have d 
different states |0⟩, |1⟩, |2⟩, …, |𝑑𝑑𝑑𝑑 − 1⟩.The state of one qudit is 
described by a d-dimensional normalized complex vector.

The problem for the generalized algorithm is formulated as
follows: a function 𝑓𝑓𝑓𝑓: {0,1, … , 𝑑𝑑𝑑𝑑 − 1} → {0,1, … , 𝑑𝑑𝑑𝑑 − 1}, can be
either constant or balanced, that is, each of the d values of the 
function appears the same number of times, and we are required 
to determine what type 𝑓𝑓𝑓𝑓 belongs to [25]. We consider the 
simplest case with a function of one variable, so the condition of it 
being balanced is equivalent to being bijection, but this algorithm 
can also be generalized to the case of functions of multiple 
variables.

This generalization has practically no differences from the 
original Deutsch–Jozsa algorithm in its structure. More complex 
operations for qudits, which are analogous to operations for 
qubits, are the only difference. We also need the operator 𝑈𝑈𝑈𝑈�𝑓𝑓𝑓𝑓,
corresponding to the function 𝑓𝑓𝑓𝑓 and taking the system from the 
pure state |𝑥𝑥𝑥𝑥⟩|𝑦𝑦𝑦𝑦⟩ to the state |𝑥𝑥𝑥𝑥⟩|𝑦𝑦𝑦𝑦⊕ 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥)⟩, where ⊕ now stands 
for addition modulo d.

First, let us consider a generalization of the Hadamard 
operator. It has the following form for a d-dimensional qudit:

𝐻𝐻𝐻𝐻�𝑑𝑑𝑑𝑑 =
1
√𝑑𝑑𝑑𝑑

⎝

⎜
⎜
⎜
⎛

1 1 1
1 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑

2

1 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
2 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑

4

1 ⋯ 1
𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
3 ⋯ 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑−1

𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
2 ⋯ 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑

2(𝑑𝑑𝑑𝑑−1)

1 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
3 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑

6

⋮ ⋮ ⋮
1 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑−1 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
2(𝑑𝑑𝑑𝑑−1)

𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
2 ⋯ 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑

3(𝑑𝑑𝑑𝑑−1)

⋮ ⋱ ⋮
𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
3(𝑑𝑑𝑑𝑑−1) ⋯ 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑

(𝑑𝑑𝑑𝑑−1)2⎠

⎟
⎟
⎟
⎞

.

where 𝜔𝜔𝜔𝜔𝑛𝑛𝑛𝑛 = 𝑠𝑠𝑠𝑠
2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋
𝑛𝑛𝑛𝑛 . It is more convenient to represent this 

operator as a sum of outer products of the form |𝑗𝑗𝑗𝑗⟩⟨𝑘𝑘𝑘𝑘|, which are 
linear operators. The action of such a linear operator on the vector 
|𝜓𝜓𝜓𝜓⟩ is quite intuitive: the vector |𝑗𝑗𝑗𝑗⟩ is multiplied by the inner 
product ⟨𝑘𝑘𝑘𝑘|𝜓𝜓𝜓𝜓⟩. 

 
|𝑗𝑗𝑗𝑗⟩⟨𝑘𝑘𝑘𝑘| |𝜓𝜓𝜓𝜓⟩ = |𝑗𝑗𝑗𝑗⟩⟨𝑘𝑘𝑘𝑘|𝜓𝜓𝜓𝜓⟩ =  ⟨𝑘𝑘𝑘𝑘|𝜓𝜓𝜓𝜓⟩  ∙  |𝑗𝑗𝑗𝑗⟩ 

Then 

𝐻𝐻𝐻𝐻�𝑑𝑑𝑑𝑑 =
1
√𝑑𝑑𝑑𝑑

��𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑗𝑗𝑗𝑗𝑘𝑘𝑘𝑘|𝑗𝑗𝑗𝑗⟩⟨𝑘𝑘𝑘𝑘|

𝑑𝑑𝑑𝑑−1

𝑘𝑘𝑘𝑘=0

𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

. 

 
Let us apply  𝐻𝐻𝐻𝐻�𝑑𝑑𝑑𝑑 to the state |0⟩ and to the state |1⟩ 
 
1
√𝑑𝑑𝑑𝑑

��𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑗𝑗𝑗𝑗𝑘𝑘𝑘𝑘|𝑗𝑗𝑗𝑗⟩⟨𝑘𝑘𝑘𝑘|0⟩

𝑑𝑑𝑑𝑑−1

𝑘𝑘𝑘𝑘=0

=  
1
√𝑑𝑑𝑑𝑑

�𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑗𝑗𝑗𝑗∙0|𝑗𝑗𝑗𝑗⟩⟨0|0⟩ = 

𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

1
√𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

�|𝑗𝑗𝑗𝑗⟩ 
𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

 

1
√𝑑𝑑𝑑𝑑

��𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑗𝑗𝑗𝑗𝑘𝑘𝑘𝑘|𝑗𝑗𝑗𝑗⟩⟨𝑘𝑘𝑘𝑘|1⟩

𝑑𝑑𝑑𝑑−1

𝑘𝑘𝑘𝑘=0

==  
1
√𝑑𝑑𝑑𝑑

�𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑗𝑗𝑗𝑗∙1|𝑗𝑗𝑗𝑗⟩⟨1|1⟩ = 

𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

1
√𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

�𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑗𝑗𝑗𝑗|𝑗𝑗𝑗𝑗⟩ .

𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

 

 
As in the original algorithm, we need two qudits in the state 

|𝜓𝜓𝜓𝜓0⟩ = |0⟩|1⟩. Applying the operator 𝐻𝐻𝐻𝐻�𝑑𝑑𝑑𝑑 to each of them, we get 
 

|𝜓𝜓𝜓𝜓1⟩ =  𝐻𝐻𝐻𝐻�𝑑𝑑𝑑𝑑 ⊗𝐻𝐻𝐻𝐻�𝑑𝑑𝑑𝑑|𝜓𝜓𝜓𝜓0� =
1
√𝑑𝑑𝑑𝑑

�|𝑗𝑗𝑗𝑗⟩ 
𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

⊗  
1
√𝑑𝑑𝑑𝑑

�𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑘𝑘𝑘𝑘|𝑘𝑘𝑘𝑘⟩

𝑑𝑑𝑑𝑑−1

𝑘𝑘𝑘𝑘=0

. 

 
Now we apply the operator 𝑈𝑈𝑈𝑈�𝑓𝑓𝑓𝑓 
 

|𝜓𝜓𝜓𝜓2⟩ =  𝑈𝑈𝑈𝑈�𝑓𝑓𝑓𝑓|𝜓𝜓𝜓𝜓1� =
1
√𝑑𝑑𝑑𝑑

��|𝑗𝑗𝑗𝑗⟩ ⊗  
1
√𝑑𝑑𝑑𝑑

�𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑘𝑘𝑘𝑘|𝑘𝑘𝑘𝑘 ⊕𝑓𝑓𝑓𝑓(𝑗𝑗𝑗𝑗)⟩ 

𝑑𝑑𝑑𝑑−1

𝑘𝑘𝑘𝑘=0

�
𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

. 

 
Addition of 𝑓𝑓𝑓𝑓(𝑗𝑗𝑗𝑗) in |𝑘𝑘𝑘𝑘 ⊕𝑓𝑓𝑓𝑓(𝑗𝑗𝑗𝑗)⟩ is equivalent to a shift of  

coordinates by a constant  (for a given 𝑗𝑗𝑗𝑗) number. Since 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑘𝑘𝑘𝑘+𝑑𝑑𝑑𝑑 =

 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑘𝑘𝑘𝑘, we can rewrite |𝜓𝜓𝜓𝜓2⟩ as 

 

|𝜓𝜓𝜓𝜓2⟩ =
1
√𝑑𝑑𝑑𝑑

��|𝑗𝑗𝑗𝑗⟩ ⊗  
1
√𝑑𝑑𝑑𝑑

�𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑘𝑘𝑘𝑘−𝑓𝑓𝑓𝑓(𝑗𝑗𝑗𝑗)|𝑘𝑘𝑘𝑘⟩ 

𝑑𝑑𝑑𝑑−1

𝑘𝑘𝑘𝑘=0

�
𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

=  
1
√𝑑𝑑𝑑𝑑

�𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
−𝑓𝑓𝑓𝑓(𝑗𝑗𝑗𝑗)|𝑗𝑗𝑗𝑗⟩ 

𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

⊗  
1
√𝑑𝑑𝑑𝑑

�𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑘𝑘𝑘𝑘|𝑘𝑘𝑘𝑘⟩.

𝑑𝑑𝑑𝑑−1

𝑘𝑘𝑘𝑘=0

 

 
Now, if 𝑓𝑓𝑓𝑓(𝑗𝑗𝑗𝑗) = 𝑓𝑓𝑓𝑓 = 𝑐𝑐𝑐𝑐𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝, we can take the factor 𝜔𝜔𝜔𝜔𝑛𝑛𝑛𝑛

−𝑓𝑓𝑓𝑓 out of the 
summation sign 

 

|𝜓𝜓𝜓𝜓2⟩ = 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
−𝑓𝑓𝑓𝑓 1
√𝑑𝑑𝑑𝑑

�|𝑗𝑗𝑗𝑗⟩ 
𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

⊗  
1
√𝑑𝑑𝑑𝑑

�𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑘𝑘𝑘𝑘|𝑘𝑘𝑘𝑘⟩ .

𝑑𝑑𝑑𝑑−1

𝑘𝑘𝑘𝑘=0

 

 
Applying the operator 𝐻𝐻𝐻𝐻�𝑑𝑑𝑑𝑑 to the first qudit once again, we 

obtain 
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VI.	 Emulation of qudits
Now it’s easy to generalize the emulator for qudits.

class QuantumCircuit: 
    def __init__(self, d, nq, nd): 
        self.dimension = d 
        self.nq = nq 
        self.nd = nd 
        zero = np.array([1] + (d-1) * [0]) 
        self.initial_state = np.tile(zero, (nq, 1)) 
        self.qudits = np.array([]) 
        self.final_state = np.array([]) 
        self.digits = 0 
        self.measurements = [] 
        self.results = np.zeros(d ** nd)

For the most part, the changes are rather cosmetic: renaming qubits 
to qudits, bits to digits, and so on. An important change is the ad-
ditional self.dimension parameter, which defines the dimension of 
our qudits. So, wherever the number 2 was used as the dimension 
of qubits, it must be replaced by self.dimension. For this reason, the 
definition of the vector zero has also changed.
Functions such as set_initial_state, reset_state, apply_operator, mea-
sure, run remain completely unchanged (except for renaming). In 
the following two functions only the dimensionality of the qudits 
has been corrected: 

def apply1(self, A, qudit): 
    I1 = np.identity(self.dimension ** qudit) 
    I2 = np.identity(self.dimension ** (self.nq - qudit - 1)) 
    B = np.kron(I1, A) 
    B = np.kron(B, I2) 
    self.apply_operator(B)

def simulate(self, num_of_iterations): 
    self.results = np.zeros(self.dimension ** self.nd) 
    for _ in range(num_of_iterations): 
        self.results[self.run()] += 1 
    self.results /= num_of_iterations 
    return self.results

The measurement function requires the biggest changes:

def measurement(self, qudit, bit): 
    indices0 = np.array([], dtype=int) 
    bunch = np.arange(self.dimension ** (self.nq - qudit - 1)) 
    shift = self.dimension ** (self.nq - qudit) 
    for i in range(self.dimension ** qudit): 
        indices0 = np.concatenate((indices0, bunch)) 
        bunch = bunch + shift 
 
    indices = [indices0 + k * self.dimension ** (self.
nq - qudit - 1) for k in range(self.dimension)] 
    probabilities = [(abs(self.qudits[i]) ** 2).sum() for i in indices] 
 
    rand_value = np.random.rand() 
    for i, p in enumerate(probabilities): 
        if rand_value < p: 

            self.qudits[indices[i]] /= np.sqrt(probabilities[i]) 
            for k in range(self.dimension): 
                if k != i: 
                    self.qudits[indices[k]] = np.zeros(self.dimension ** (self.nq - 1)) 
            self.digits += i * self.dimension ** bit 
            break 
        else: 
            rand_value -= p

To begin with, the indices of the components corresponding to the 
states in which the measured qudit is equal to zero are selected into 
the indices0 vector. Such indices are arranged in evenly distribut-
ed bunches, the size of which depends on the qudit number. These 
bunches are appended to the vector indices0 with a shift by a con-
stant number shift.
Then a list of all vectors with indices corresponding to the state 
number is created, and for all states the probability of its measure-
ment is calculated (probabilities vector). After that, we create a ran-
dom value rand_value and determine which interval it fell into in a 
loop. Further operations are similar to the case with qubits.
Changes in the barplot function are related to the labels and the in-
creased number of states that need to be displayed. To create cap-
tions, it is convenient to write an additional function convert_base, 
which converts a number from the decimal number system to a rep-
resentation with a dimension equal to the dimension of the qudit.

def convert_base(self, number): 
    base = self.dimension 
    string = ‘’ 
    for i in range(self.nd): 
        string += str(number % base) + ‘ ‘ 
        number = number // base 
    return string
 
def barplot(self): 
    labels = [self.convert_base(n) for n in range(self.dimension ** self.nd)] 
    plt.bar(labels, self.results) 
    plt.show()

Creation of functions which apply operators to qudits is somewhat 
more complicated than for qubits, since the form of an operator de-
pends on the dimension of the qudit, and working with qudits in 
general is not so common. We restrict ourselves to the Hadamard 
operator, which is sufficient for our purposes.
The operator is created by the function create_h, and then applied 
“manually” using the function apply1.

def create_h(self):  
    d = self.dimension 
    w = np.exp(2j * np.pi / d) 
    H = np.zeros((d, d), dtype=np.csingle) 
    for i, j in it.product(range(d), repeat=2): 
        H[i, j] = w ** (i*j) / np.sqrt(d) 
    return H

Thus, the creation of the general framework for the emulator is 
completed. Let us start implementing the generalized Deutsch–Joz-
sa algorithm.

1
√𝑑𝑑𝑑𝑑

� �𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑚𝑚𝑚𝑚𝑛𝑛𝑛𝑛|𝑚𝑚𝑚𝑚⟩⟨𝑛𝑛𝑛𝑛|𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑

−𝑓𝑓𝑓𝑓 1
√𝑑𝑑𝑑𝑑

�|𝑗𝑗𝑗𝑗⟩ 
𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

𝑑𝑑𝑑𝑑−1

𝑛𝑛𝑛𝑛=0

=
𝑑𝑑𝑑𝑑−1

𝑚𝑚𝑚𝑚=0

= 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
−𝑓𝑓𝑓𝑓 1
𝑑𝑑𝑑𝑑
� �𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑

𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗|𝑚𝑚𝑚𝑚⟩⟨𝑗𝑗𝑗𝑗|𝑗𝑗𝑗𝑗⟩
𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

=
𝑑𝑑𝑑𝑑−1

𝑚𝑚𝑚𝑚=0

= 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
−𝑓𝑓𝑓𝑓 1
𝑑𝑑𝑑𝑑
� ��𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑

𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗
𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

� |𝑚𝑚𝑚𝑚⟩.
𝑑𝑑𝑑𝑑−1

𝑚𝑚𝑚𝑚=0

 

 
For 𝑚𝑚𝑚𝑚 = 0, we have  

�𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
0𝑗𝑗𝑗𝑗

𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

= 𝑑𝑑𝑑𝑑. 

For 𝑚𝑚𝑚𝑚 ≠ 0, we have 

�𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗

𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

=
1 −  𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑

𝑚𝑚𝑚𝑚𝑑𝑑𝑑𝑑

1 −  𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑚𝑚𝑚𝑚 = 0. 

 
Thus, for a constant function 𝑓𝑓𝑓𝑓, we have  
 

|𝜓𝜓𝜓𝜓3⟩ =  𝐻𝐻𝐻𝐻�𝑑𝑑𝑑𝑑 ⊗ 𝐼𝐼𝐼𝐼|𝜓𝜓𝜓𝜓2⟩ =  𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
−𝑓𝑓𝑓𝑓|0⟩ ⊗  

1
√𝑑𝑑𝑑𝑑

�𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑘𝑘𝑘𝑘|𝑘𝑘𝑘𝑘⟩.

𝑑𝑑𝑑𝑑−1

𝑘𝑘𝑘𝑘=0

 

 
The factor 𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑

−𝑓𝑓𝑓𝑓 is called the global phase, its presence does not 
change the properties of the state in any way. When measuring the 
first qudit, we will get |0⟩ with one hundred percent probability. 

If 𝑓𝑓𝑓𝑓 is balanced, then after applying 𝐻𝐻𝐻𝐻�𝑑𝑑𝑑𝑑 to the first qudit, we 
will get 

 
1
√𝑑𝑑𝑑𝑑

� �𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑚𝑚𝑚𝑚𝑛𝑛𝑛𝑛|𝑚𝑚𝑚𝑚⟩⟨𝑛𝑛𝑛𝑛|

1
√𝑑𝑑𝑑𝑑

�𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
−𝑓𝑓𝑓𝑓(𝑗𝑗𝑗𝑗)|𝑗𝑗𝑗𝑗⟩ = 

𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

𝑑𝑑𝑑𝑑−1

𝑛𝑛𝑛𝑛=0

𝑑𝑑𝑑𝑑−1

𝑚𝑚𝑚𝑚=0

=
1
𝑑𝑑𝑑𝑑
� ��𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑

𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗−𝑓𝑓𝑓𝑓(𝑗𝑗𝑗𝑗)
𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

� |𝑚𝑚𝑚𝑚⟩. 
𝑑𝑑𝑑𝑑−1

𝑚𝑚𝑚𝑚=0

 

 
For 𝑚𝑚𝑚𝑚 = 0, we have 
 

�𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑚𝑚𝑚𝑚𝑗𝑗𝑗𝑗−𝑓𝑓𝑓𝑓(𝑗𝑗𝑗𝑗)

𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

= �𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
−𝑓𝑓𝑓𝑓(𝑗𝑗𝑗𝑗)

𝑑𝑑𝑑𝑑−1

𝑗𝑗𝑗𝑗=0

=  �𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑
𝑙𝑙𝑙𝑙

𝑑𝑑𝑑𝑑−1

𝑙𝑙𝑙𝑙=0

= 0 

 
since 𝑓𝑓𝑓𝑓(𝑗𝑗𝑗𝑗) runs through all values in {0,1, … , 𝑑𝑑𝑑𝑑 − 1}. Therefore, 
when measuring the first qudit, the probability of getting the state 
|0⟩ is zero. We have proved that the output values of the algorithm 
on constant and balanced functions do not intersect, and therefore 
we can always determine the type of the function with one 
computation of it. 

The result of the algorithm for a balanced function is generally 
not defined, since the coefficients for different |𝑚𝑚𝑚𝑚⟩ (𝑚𝑚𝑚𝑚 ≠ 0) are not 
necessarily equal to zero, but this does not affect the work of the 
algorithm. 

 
 
 

Emulation of qudits 
Now it's easy to generalize the emulator for qudits. 
 

class QuantumCircuit: 
    def __init__(self, d, nq, nd): 
        self.dimension = d 
        self.nq = nq 
        self.nd = nd 
        zero = np.array([1] + (d-1) * [0]) 
        self.initial_state = np.tile(zero, (nq, 1)) 
        self.qudits = np.array([]) 
        self.final_state = np.array([]) 
        self.digits = 0 
        self.measurements = [] 
        self.results = np.zeros(d ** nd) 

 
For the most part, the changes are rather cosmetic: renaming 

qubits to qudits, bits to digits, and so on. An important change is 
the additional self.dimension parameter, which defines the 
dimension of our qudits. So, wherever the number 2 was used as 
the dimension of qubits, it must be replaced by self.dimension. For 
this reason, the definition of the vector zero has also changed. 

Functions such as set_initial_state, reset_state, 
apply_operator, measure, run remain completely unchanged 
(except for renaming). In the following two functions only the 
dimensionality of the qudits has been corrected:  

 
def apply1(self, A, qudit): 
    I1 = np.identity(self.dimension ** qudit) 
    I2 = np.identity(self.dimension ** (self.nq - qudit - 1)) 
    B = np.kron(I1, A) 
    B = np.kron(B, I2) 
    self.apply_operator(B) 
 
def simulate(self, num_of_iterations): 
    self.results = np.zeros(self.dimension ** self.nd) 
    for _ in range(num_of_iterations): 
        self.results[self.run()] += 1 
    self.results /= num_of_iterations 
    return self.results 

 
The measurement function requires the biggest changes: 
 

def measurement(self, qudit, bit): 
    indices0 = np.array([], dtype=int) 
    bunch = np.arange(self.dimension ** (self.nq - qudit - 1)) 
    shift = self.dimension ** (self.nq - qudit) 
    for i in range(self.dimension ** qudit): 
        indices0 = np.concatenate((indices0, bunch)) 
        bunch = bunch + shift 
 
    indices = [indices0 + k * self.dimension ** (self.nq - qudit - 1) 
for k in range(self.dimension)] 
    probabilities = [(abs(self.qudits[i]) ** 2).sum() for i in indices] 
 
    rand_value = np.random.rand() 
    for i, p in enumerate(probabilities): 
        if rand_value < p: 
            self.qudits[indices[i]] /= np.sqrt(probabilities[i]) 
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F i g. 4. Result of the Deutsch-Jozsa algorithm for a constant function

            for k in range(self.dimension): 
                if k != i: 
                    self.qudits[indices[k]] = np.zeros(self.dimension ** 
(self.nq - 1)) 
            self.digits += i * self.dimension ** bit 
            break 
        else: 
            rand_value -= p 

 
To begin with, the indices of the components corresponding 

to the states in which the measured qudit is equal to zero are 
selected into the indices0 vector. Such indices are arranged in 
evenly distributed bunches, the size of which depends on the qudit 
number. These bunches are appended to the vector indices0 with 
a shift by a constant number shift. 

Then a list of all vectors with indices corresponding to the 
state number is created, and for all states the probability of its 
measurement is calculated (probabilities vector). After that, we 
create a random value rand_value and determine which interval it 
fell into in a loop. Further operations are similar to the case with 
qubits. 

Changes in the barplot function are related to the labels and 
the increased number of states that need to be displayed. To 
create captions, it is convenient to write an additional function 
convert_base, which converts a number from the decimal number 
system to a representation with a dimension equal to the 
dimension of the qudit. 

 
def convert_base(self, number): 
    base = self.dimension 
    string = '' 
    for i in range(self.nd): 
        string += str(number % base) + ' ' 
        number = number // base 
    return string 
 
def barplot(self): 
    labels = [self.convert_base(n) for n in range(self.dimension ** 
self.nd)] 
    plt.bar(labels, self.results) 
    plt.show() 
 

Creation of functions which apply operators to qudits is 
somewhat more complicated than for qubits, since the form of an 
operator depends on the dimension of the qudit, and working with 
qudits in general is not so common. We restrict ourselves to the 
Hadamard operator, which is sufficient for our purposes. 

The operator is created by the function create_h, and then 
applied "manually" using the function apply1. 

 
def create_h(self):  
    d = self.dimension 
    w = np.exp(2j * np.pi / d) 
    H = np.zeros((d, d), dtype=np.csingle) 
    for i, j in it.product(range(d), repeat=2): 
        H[i, j] = w ** (i*j) / np.sqrt(d) 
    return H 

 

Thus, the creation of the general framework for the emulator 
is completed. Let us start implementing the generalized Deutsch–
Jozsa algorithm. 

The changes are not very significant again, we just need to 
replace the number 2 with the dimension of the qudit in certain 
places: 

 
def create_operator(f): 
    d = len(f) 
    Uf = np.zeros((d**2, d**2)) 
    for i, j in it.product(range(d), repeat=2): 
        Uf[i*d + (j + f[i]) % d, i*d+j] = 1 
    return Uf 
 
def deutsch_algorithm(f): 
    d = len(f) 
    nq = 2 
    nd = 1 
    qc = QuantumCircuit(d, nq, nd) 
    Uf = create_operator(f) 
    H = qc.create_h() 
    qc.set_initial_state(0, np.array([1] + (d-1)*[0])) 
    qc.set_initial_state(1, np.array((d-1)*[0] + [1])) 
    qc.reset_state() 
    qc.apply1(H, 0) 
    qc.apply1(H, 1) 
    qc.apply_operator(Uf) 
    qc.apply1(H, 0) 
    qc.measure(0, 0) 
    qc.simulate(100) 
    qc.barplot() 
 

Let us test the algorithm on three functions: 
1. Constant 
 
f = [0, 0, 0, 0, 0]  
deutsch_algorithm(f) 

 
 

F i g. 4 Result of the Deutsch-Jozsa algorithm for a constant 
function 

 
2. Balanced (determined measurement result) 
 
f = [0, 1, 2, 3, 4] 
deutsch_algorithm(f)  
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2. Balanced (determined measurement result)

f = [0, 1, 2, 3, 4]
deutsch_algorithm(f) 

F i g. 5. Result of the Deutsch-Jozsa algorithm for a balanced function

3. Balanced (undetermined measurement result)

f = [0, 2, 1, 3, 4]
deutsch_algorithm(f)

F i g. 6. Result of the Deutsch-Jozsa algorithm for a balanced function with 
undetermined measurement result
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