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Abstract

Difference numerical schemes for solutions of problems describing the longitudinal-cross oscillations
of object with moving boundaries are noted. The scheme allows us to solve the Cauchy problem for
a system of nonlinear differential equations with nonlinear boundary conditions and to take into ac-
count the energy exchange between the parts of the vibrating object on the left and right of the moving
boundary. The grid is divided into equally spaced time layers by the time variable. The grid is divided
into a fixed number of parts, equidistant nodes by the space variable in each time step to the left and
right of the moving boundary. Partitioning step in temporary layers are different in connection with
the movement of the boundary. Such a partition avoids the transition moving boundary through the
nodes of the grid. To find the functions and their derivatives are used finite difference approximation.
Approximation error is of second order of smallness relative to the grid spacing on the space and time
variables. The solution obtained by successive transition from one time to another layer. The accuracy
of the numerical solution is confirmed by the coincidence of the solutions of the linear and nonlinear
models at low vibration amplitudes. The solution is made in dimensionless variables using the TB-Anal-
isys software package developed in the Matlab environment, which allows using the results obtained
for calculating a wide range of technical objects.
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AHHOTanus

PaccMoTpeHa pasHOCTHasi CXeMa 4YMCJIEHHOTO pelleHUsl 3ajad, ONMUCHIBAIOIMX MPOJOJIbHO-
nonepeyHble KoJebaHUss 06BEKTOB C JBMXKYIUMUCS TpaHULAMU. PadpaGoTaHHas cxeMa I103BOJISIET
pewmath 3aAady Kowmm asist cucTeMbl HeJMHEHHBIX JuddepeHIHaNbHbIX ypaBHEHUH B YaCTHBIX
HNPOU3BOAHBIX C HEJIMHEHHBIMU IPAHUYHBIMH YCJIOBUSIMH, @ TAKXKE YUUTHIBATb SHEPreTHYeCKUH 06MeH
MeX/ly YacTsIMU KoJ1e6JIIolerocsi 06beKTa cJieBa U CIIpaBa OT ABMXKYIIeHCst rpaHHUIbl. [0 BpeMeHHOH
nepeMeHHOH CeTKa pa3GHBaeTCsi Ha PaBHOOTCTOsILIME BpeMeHHble CJI0H. [10 MPOCTPaHCTBEHHOM
nepeMeHHOH B KaX/IOM BPEMEHHOM CJoe CJeBa M CIIpaBa OT JBIKYIeics TpaHMIbI CeTKa
pa3buBaeTCsl Ha NOCTOSIHHOE YHUCJIO 4YacTed PaBHOOTCTOSILIMMU y3/JaMH. B CBSI3UW C JBHXKeHHEM
IPaHUIbI IIAr pa30MeHusl BO BpeMeHHbIX CJ1051X pasyindeH. Takoe pa3boueHue 1Mo3BoJseT U36exaThb
nepexo/ia IBWXKYLIeics rpaHULbl Yepe3 y3Jibl CeTKU. 11 HaxoxKaeHuss QYHKLUMUHA U UX TPOU3BOAHbIX
HCIOJIB3YIOTCS PA3HOCTHbIE — aNNpoKcUMaluU. [lorpemiHocTb annpoKCMMalMM UMeeT  BTOPOH
MOPAJI0K MaJIOCTH OTHOCHUTEJIHO IIAroB CETKU I10 MPOCTPAaHCTBEHHONW U BpeMeHHOU NepeMeHHbIM.
Pewrenue ocyiecTisieTcs nocae 0BaTeJIbHbIM II€PEX0[0M OT OZHOI'0 BpDEMEHHOTI0 CJIOS K [IpyroMy.
ToYHOCTBb YNC/IEHHOTO pellleHUs] NOATBePX/AaeTcsl COBNaZleHueM pellleHUH TMHEeHHON U HeJIMHeHHOH
MoJesleli TPU MaJIbIX aMIJIMTYAAX KoJleGaHUH. PellleHHe BBINIOJIHEHO B 6e3pa3MepHBIX IepeMeHHBbIX C
OMOIIbI0 pa3paboTaHHOro B cpejie Matlab nporpamMMHoro komiiekca TB-Analisys, mosBossioniero
HCII0JIB30BATh MOJIYY€HHbIE€ PE3YyJIbTAThI AJId pacieTa LIMPOKOT0 KPyra TEXHUYECKUX 00BEKTOB.

KitroueBblie C/10Ba: npo/0/ibHO-NIONepeYHbIe KOJIe6aHUsl 06'bEKTOB C ABUXKYIMMUCA IPaHULIAMH,
HeJIMHelHast cucteMa AnddepeHIHaNbHbIX YpPaBHEHHWH B YaCTHBIX [POU3BOAHbBIX, YHUCJIEHHBIE
METO/ibl PellieHHsI 33/ja4 MaTeMaTUYeCKO GU3UKHU

KOHQIMKT HHTEPECOB: aBTOpbI 3asABJAAIOT 06 OTCYTCTBUM KOHGJIMKTA MHTEPECOB.

i1 BUTUPOBAHMUA: JlutBuHoB B. JI, JlutBunosa K. B. YucieHHas cxema pelueHus 3ajad,
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Introduction

Among all the many problems of the dynamics of elastic systems
from the point of view of technical applications, the problems of
oscillations in systems with time-varying geometric dimensions
are highly relevant. Studies of many authors on the dynamics of
hoisting ropes have led to the need to formulate new problems in
mechanics concerning the dynamics of one-dimensional objects of
variable length [1-12]. In a mathematical setting, this is reduced to
new problems in mathematical physics - to the study of the corre-
sponding equations of hyperbolic type in variable ranges of varia-
tion of both arguments [23-27].

Until now, there is no general approach to the formulation of such
problems, and the authors in each specific case adapt the existing
methods to solve the problem under consideration [1-9]. Here we
note that the methods for solving these equations in variable geo-
metric domains are qualitatively different from the classical meth-
ods of mathematical physics. For example, for vibrations of strings
of variable length, the concepts of eigenfrequencies and phases,
that is, eigenvalues and eigenfunctions, lose their usual meaning,
since the vibrational frequencies of a string of variable length will
be some functions of time. The independence of individual vibra-
tion tones is lost. In other words, the studied dynamic process de-
velops over time.

The problems of oscillation of systems with moving boundaries
have been solved mainly with a linear setting and rigid fixation of
boundaries, when there is no energy exchange across the boundary
[1-15], [19-22]. In rare cases, the effect of damping forces was taken
into account. Real technical objects are much more complicated.

In connection with the intensive development of numerical meth-
ods, it became possible to de-scribe such objects more accurately,
taking into account a large number of factors. In [17], a nonlinear
formulation of problems describing the longitudinal-transverse vi-

brations of objects with moving boundaries was made. This article
describes a difference scheme for the numerical solution of such
problems. The solution is made in dimensionless variables using
the TB-Analisys' software package developed in the Matlab envi-
ronment, which allows using the results obtained for calculating a
wide range of technical objects.

Formulation of the Problem

The formulation of the problem of longitudinal-transverse vibra-
tions of objects with moving boundaries was made in [17]. The os-
cillation region is shown in Fig. 1. The figure indicates: x - spatial
coordinate; t - is time; the law of movement of the border; numbers
of  grid nodes; grid step in t  variable.

T oA
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Fig. 1. Longitudinal-transverse oscillation region

Let’s write the problem in a generalized form.
A system of two nonlinear partial differential equations:

Uy = F (x by U, U e U e Ut uk,xt'uk,xxt);

uz,tt = FZ (x, t, Uy, uk,x’ uk,xxr uk,xxxxr uk,t' uk,xtr uk,xxt' uk,xxxxt) ; (1)

Here and below, k = 1,2.

k=12

At the fixed ends(x = 0, x = L,) we take the boundary conditions in the form:
u(0,8) = 0;uy (Lo, ) = 0;u5(0,8) = 0; Uy, (0,8) = 0;u, (Lo, t) = 0;uy, (Lo, t) = 0. (2)
Let us write down the conditions on the moving boundary in a generalized form:

d?u, , _ _
% = f1(o, 6w (L(E), 0, g (L(E) F 0,6), w1 (L(E), ), e (L) F 0,8)); (3)
d?u, , _ _
W = fz(x' £, U (L(E), 6), Up e (L(E) F 0, 8), Uyt (L(E) F0, t)); (€))
d2 2,X ’ —_ _
% = f3 (%, t, g (L(E), £), U 4 (L(E) F 0,0, Up e (L(E) F 0, 1)). 5)
Moving border ratios:
w (L(t) = 0,8) = wp (L(t) + 0,8) ; up, (L(t) = 0,8) = uy, (L(t) + 0,1). (6)

Initial conditions:

u;(x,0) = @ (x); u(x,0) = @, (x); uy(x,0) = P3(x); Uy, (x,0) = @, (). @)

! Litvinov V.L,, Yashagin N.S., Anisimov V.N. Certificate of registration of the electronic resource “Automated research complex” TB — ANALISYS “in OFERNiO No. 19517
dated September 26, 2022 and FGANU CITiS No. 130912114653 dated September 30, 2022. (In Russ.)
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In the posed problem (1) - (7), the following designations are used:
uy(x, t) and u,(x, t) - ongitudinal and lateral displacement of a
point of an object with coordinate x at time ¢;

u, (L(t) — 0,t) and u;, (L(t) + 0,t)- are the values of functions to

x;=Hlyxj, 0<j<NI
{xi‘j =Hl;*Nl+Hp;*(j—Nl), NI<j<N.
We denote by uk(xi,j,ti) the values of the functions at the grid
nodes. A fragment of the mesh is shown in Fig. 2 using the TB-Ana-

the left and right of the moving boundary; Fy, F, f, (m = 1,3), lisys?2 software complex, developed in the Matlab environment.

@p(x)(n = 1,4) - are given class C ? functions.

x=L(t)
The Solution of the Problem fp B J B
Along the t-axis, the region is divided into layers with a step
H, numberi (i = 0,1,2, .......) and time values t; = iH,. Along the x-
axis, time layers to the left of the moving boundary are divided into i, Ay Hp,
Nl parts with a step Hl; = L(t;)/N!, and on the right into Np parts & = % Tore T =
with a step Hp; = (L, — L(t;))/Np. The node number along the x- ) )
axis is denoted by the subscript j. Index j to the left of the moving
border changes from 0 to NI, and to the right from NltoN (N =
Nl + Np). o L e Hp i .
Xing Xiy XM XS Xigns Lo

Let us call the numerical scheme a scheme with a variable step in a
spatial variable, since in time layers, the steps Hl; and Hp; are dif-
ferent. The x-values at grid points are determined by the following
equalities:

Fig. 2. Variable pitch scheme

The values of the sought functions in the layers t, and t; are found from the initial conditions (7):
wy (x5, t0) = @1(x0) 5 u2(x0.t0) = @2(%0,);
ul(xl,]'r tl) = ‘ﬂl(xl,j) + ‘ﬂ3(x1,j)Ht ; uz(x1,j' t1) = 902(’51,/') + 904(x1,j)Ht -
The values of the derivatives with respect to x at intermediate points of the layer t; are found by the formulas:
ul,x(xl,j'tl) = ‘Pi(xu) + ‘Pé(ij)Hri ul,xx(xl,jJtl) = <Pi’(x1,j) + (pé’(xl,j)Ht;
uz,x(x1,j:t1) = <Pé(x1,j) + <P!t(x1,j)H: ; uz,xx(xl,j'tl) = ‘Pg(xu) + ‘Pz’;'(ij)Ht ;
uz,xxxx(xl,jr t1) = ‘P’z’”(ij) + <Pz’tm(x1,j)Ht .
Here and below, at intermediate points to the left of the moving boundaryj = 1, NL — 1, and on therightj = NP + 1,N — 1.
The values of the derivatives with respect to t at intermediate points of the t; layer, up to values of the order of H, are assumed to be equal
to the values in the t, layer:
u1,t(x1,jrt1) = <ﬂ3(x1,j)? uz,t(xi,j'tl) = 904(x1,j)2
ul,xt(xl,]'rtl) = ‘ﬂé(xl,j); Up e\ Xy jy 1) = 90!1(951,1‘)2
ul,xxt(xl,jrtl) = (p'3'(x1,]-) ; uz,xxt(xl,jrtl) = (Pz’t’(xl.j);
uz,xxxxt(xl.jJ tl) = (p‘,l”,(xl,j)‘
The values of functions in time layers t; are found by sequential transition from one layer to another. When finding functions and their
derivatives, approximations are used up to terms of the second order of smallness with respect to Hl;, Hp; H,. In accordance with the
boundary conditions (2), the following equalities hold on the fixed boundaries:
w(xi0t) = 0 (i, t3) = 05w (X0, 1) = 0514 (i, t) = 0.
The values of functions at interior points are found using the system of differential equations (1). In time layers t;_; and t; the values of
functions and their derivatives are known. Using the approximation
we (%1 tim1) = 2 (x5, 6) + w (i, tiaa)
t) = H?

Uk, tt (xi, s

we get the values of the functions at intermediate points of the layer ¢;4:

Uy (Xi,j» ti+1) ==F (xi,j' L Uy (xi,jl ti)' uk,x(xi,j' ti)' uk,xx(xi,j» ti)luk,t(xi,jl ti)luk,xt(xi,jl ti)' uk,xxt(xi,j' ti)) -

—ul(xi_j, ti—l) + 2uy (xi,j, ti);
Uy (xi,j' ti+1) == F,(xy,j ti, Uy (xi,jl ti)' U x (xi,j' ti)' Ujexx (xi,j: t; ): uk,xxxx(xi,j' ti)' Up e (xi,j' ti)» uk,xt(xi,j' ti)»
W (X150 80)s Wione (% 2 1)) = 2 (%, ti21) + 2u (x5, 81).

The values of the functions u;, (xl-'j, ti_l) are unknown, since nodes in layer t;_, are located at points x;_ ;.
To find the functions, we use the approximations:

Uy (xi,jrti—l) = Tzl (xi,j - xi—l,j)z(uk(xi—l,j—lr ti—l) — 2 (xi—l,jrti—l) + uy (xi—l,j+1r fi—l))
f

+ ﬁ (xi,j - xi—l,j) (uk (xi—l,j+1t ti—l) - uk(xi—l,j—ll ti—l)) + Uy (xi—l,j: ti—l)- (8)

% Ibid.
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Formula (8) was obtained by approximating functions at three nearby nodes using the Lagrange formula. Here and below, for j = 1, NL — 1
instead of H;_, itis necessary to take Hl;_,, and forj = NP + 1,N Hp;_;.
The total derivatives with respect to t at the moving boundary in the t; layer are found by the following formulas:

d?u, (L(t),t) 1
—kdtz | t=t; = 7 Cur (ima o tict) = 2w (e ) + wie (Ko ti41))s
t
d?u, , (L(t),t) 1
Z'J(C;lf | t=t; = 7z (uzx (xi—l,Nl’ ti—l) - Zuz,x(xi,m: ti) + uz,x(xi+1,Nl: ti+1))-
t

From the boundary conditions (3) - (5) we obtain:
wy (X tivn) = fo (xi,leti' wie (o e ) i (e £ 0, 60) e (v ), e (i £ 0, ti)) HE + 2uy (xinety) — wy (i tica) 5
Uy (Xipa i tivr) == fo (xi,Nl' ti s (e ) o e (o 60) Uz e (it 0, 61), U e (g 0, ti)) HE + 2u, (v, t) — up (xiaye tica )

uz,x(xi+1,Nlrti+1) =f3 (xi,vativuZ,x(xi,Nlrti)uz,xt(xi,va ti)uz,xx(xi,Nl +0, ti): uz,xxt(xi,Nl +0, ti)) HE + Zuz,x(xi,va ti) - uz,x(xi—l,Nlrti—l) .
To find the functions at the internal nodes of the layer t;,,; we use an approximation similar to (8):

1
Uy (xm_j, tivr) = SHZ. (xi+1.j - xi.j)z(uk (xi,j—p tiv1) — Zuk(xi,jJ tivr) + uk(xi,j+1r tiv1)) +
i+1
1
+F-1 (xi+1,j - xi,j) (uk(xi,j+1’ tiv1) — U (xi,j—lJ ti+1)) + uk(xi,j' tis1)-
i+
To find u,, at the inner nodes of the layer t;,; we use the formula:
1
uk,x(xiﬂ,p ti+1) =oH. (uk(xi+1,j+1, ti+1) - uk(xi+1,j—1. ti+1))'
i+1

To find u, , at the boundaries and u,, (xi+1’0, ti+1) in the t;,, layer, forward and backward approximations are used:
ul,x(xi+1,0' ti+1) = 2HL.. (_3u1(xi+1,0' ti+1) +4uy (xi+1,1’ ti+1) —U (xi+1,2r ti+1)) ;
i+1
1
Uy x (xi+1.N' ti+1) = —ZHp (ul(xi+1.N—2' ti+1) —4uy (xi+1,N—1' ti+1) + 3y (xi+1,1v: ti+1))?
i+1

1
Ugx (xi+1,Nl -0, ti+1) = Tll (ul (xi+1,Nl—2' ti+1) - 4’“1(xi+1,1vl—1: ti+1) + 3y (xi+1,Nl’ ti+1))i
i+
1
2Hp;q
Uy (Xis10 tin1) = 20l (_3u2(xi+1,o» tivr) + 4y (g1 1 tivn) — Un (X120 ti+1))-
i+

The derivatives u, , (xi+1,Nl: ti+1) and uy, (xiﬂ_N, ti+1) are known from boundary conditions.
To find uy,, at the inner nodes of the layer t;,; we use the formula:

ul,x(xi+1,Nl +0, ti+1) == (—u1 (xi+1,Nl—2: fi+1) + 4'u1(xi+1,Nl—1' ti+1) —3uy (xi+1,Nlr ti+1))?

(uk,x (xi+1,j+1' ti+1) — Upy (xi+1,j—1' ti+1))-

1
uk,xx(xi+1,j' ti+1) RETTN
i+1

The derivative u, ., (xiﬂ_o, ti+1) equal to zero. The rest of the derivatives u, ,, at the boundaries in the layer t;,; are found using forward
and backward approximations:

1
Uz, xx (xi+1.N' ti+1) = 2Hpis (uz.x(xi+1,N—2' ti+1) - 4uz,x(xi+1,1v—1' ti+1) + 3uy, (xi+1,N' ti+1))2
it

uz,xx(xi+1,1vz —0,t4q) == Tll (uz,x(xi+1,Nl—2r tisr) = 4'u2,x(xi+1,Nl—1r tisr) + 3u2,x(xi+1,Nll ti+1))i
i+
1
uz,xx(xi+1,Nl +0, ti+1) == Tpl (_uz,x(xi+1,Nl—2' ti+1) + 4duy . (xi+1,Nl—1' ti+1) —3Uyy (xi+1,Nl' ti+1))-
i+

The partial derivatives u, ,, are found by the formulas for u,,, only instead of the function u, , you must use u, ,,.
To find Uy 4xxr at the inner nodes of the layer ¢;,; we use the well-known approximation:

Up oxx (i1 o tivr) = SHE (uk,xx (31 jo1r tivn) = 2 (X o i n) + Wi (2 11, ti+1))-
i+1
To find the derivatives with respect to t at intermediate points of the layer t;,; the forward approximation is used:
1
W (%1, ti) = o (uk(xi,j' ti1) = 4we(x;, t) + 3w (x5, ti+1)) .
t

The derivatives u,, at the fixed ends are equal to zero. The total derivative on the moving boundary is equal to:

d u(L(t),t)
—e | i (eica e tim1) = 4w (e t) + 3 (g v tiva)-

dt t=tiv1 T oy,

Considering that

d L(t),t _ _

% = U (L) F 0,0 () + 110, (L F 0,0)
get
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Wiee (Xipi w1 F0,64) = it

d w(L(0),t) |

t=tizq — Ukx (xi+1,Nl +0, ti+1)L’(ti+1)-

To find the functions and their derivatives with respect to t at the nodes of the layer ¢;,; we use approximations similar to (8):

1

uk,t(xi+1,j' ti+1) == oz
i+1

1

(xi+1,j - xi,j)z(uk,t(xi,j—lJ ti+1) - zuk,t(xi,j' ti+1) + uk,t(xi,j+1Jti+1)) +

toHL (Xivry = %i7) (uk,t(xi,j+1: tisr) = Ui (Xijo1 ti+1)) + e (X tigr)-
i+1

To find the derivatives Uy y¢, U xxtUzxxxtr Uzxxxxe iN the layer t;, 4 it is necessary to apply the formulas for uy , , U xxUnxxx » Uzxxxt

only use uy instead of the u;,, functions.

Some Results of Numerical Studies of Longi-
tudinal-Transverse

Vibrations of a String Taking into Account
Geometric Nonlinearity

In [17], using Hamilton’s variational principle, the problem of lon-
gitudinal-transverse vibrations of a string was formulated taking
into account geometric nonlinearity. The obtained mathematical
model makes it possible to describe oscillations of systems with
high-intensity moving boundaries. The problem posed was solved
numerically with using the TB-Analisys® software complex, devel-
oped in the Matlab environment according to the method described
in Section 3.

By comparing the exact solution of the wave equation [24] and the
numerical solution of the nonlinear problem, the correctness of the
description of high-intensity oscillations by the wave equation has
been investigated. A comparative analysis of the linear and nonlin-
ear models showed that the incorrectness of the linear model is as-
sociated with an increase in the string tension with an in-crease in

the vibration intensity, which is not taken into account by the linear
model. The accuracy of the numerical solution is confirmed by the
coincidence of the solutions of the linear and nonlinear models at
small vibration amplitudes [17].

Conclusion

Using the TB-Analisys software complex, the developed scheme al-
lows solving the Cauchy problem for a system of nonlinear partial
differential equations with nonlinear boundary conditions, as well
as taking into account the energy exchange between parts of an os-
cillating object to the left and right of the moving boundary. In the
work, all functions and derivatives are defined that allow you to go
to the next time layer. Thus, passing from one layer to another, one
can find a solution to the problem for any value of t.

The solutions presented can be used in the study of the longitudi-
nal-transverse vibrations of the ropes of hoisting installations [9, 16,
18-20, 23, 25, 26, flexible transmission links [1, 5, 6, 15, 20], rods of
solid fuel and beams of variable length [2, 4, 10, 11], drill strings [8],
railway contact network [3, 7, 12, 14, 22], belt conveyors [1], etc.
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